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MAIN CHARACTERISTICS OF THE MODEL

This talk
e continuous-time
e deterministic

o state space is RZ,

e homogeneous in_space

e future depends on the present only
e autonomous
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MAIN CHARACTERISTICS OF THE MODEL

This talk
e continuous-time
e deterministic
o state space is RZ,
e homogeneous in_space
e future depends on the present only
e autonomous

Later this week, also
e stochastic
e state space is discrete or infinite dimensional
e inhomogeneous in space (PDE)
e future also depends on the past (delay)
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MASS-ACTION SYSTEMS

1 K3 .
Z<——=X——>Y species: XY, Z

= - complexes: X, Y, Z, 2X +Y, 3X
2X+Y—4> 3X reactions: Z—=X,X—=Z,X=Y,2X+Y = 3X

X -1 -1 1|
yl=]0 0 1 1| "™
z -1 1 0 el

K4X“Yy
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Z<——=X——>Y species: XY, Z

= . complexes: X, Y, Z, 2X +Y, 3X
2X+Y—4> 3X reactions: Z—=X,X—=Z,X=Y,2X+Y = 3X

X -1 -1 |
yl=]0 0 1 1| "™
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K4 XY
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MASS-ACTION SYSTEMS

1 K3 .
Z<——=X——>Y species: XY, Z

= - complexes: X, Y, Z, 2X +Y, 3X
2X+Y—4> 3X reactions: Z—=X,X—=Z,X=Y,2X+Y = 3X

X -1 -1 1|
yl=]0 0 1 1| "™
z -1 1 0 el

K4X“Yy

X+y+z=0=x(t)+y(t)+z(t)=c
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MASS-ACTION SYSTEMS

1 K3 .
Z<——=X——>Y species: XY, Z

= - complexes: X, Y, Z, 2X +Y, 3X
2X+Y—4> 3X reactions: Z—=X,X—=Z,X=Y,2X+Y = 3X

X 1 -1 -1 17| ™2
yl=| 0o o 1 -1 |
2l -1 10 rax
K4X“Yy

N

X+y+z=0=x(t)+y(t)+z(t)=c

X = N(k o x?) in R?
P =(xo+imN)NR]
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QUESTIONS

e existence/uniqueness/number of equilibria

periodic orbits, limit cycles, centers, homoclinic orbits

local/global asymptotic stability (of equilibria or periodic orbits)

bifurcations (of equilibria or periodic orbits)

e multistability

boundedness of solutions

e persistence

e permanence

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 4/69



WEAK REVERSIBILITY (WR)

each reaction is part of a cycle = WR

Ge—

\/ Xl

C7 «—— (s

reaction Cg — C7 is not part of any cycle = not WR

/70 C4pg —Cs

N/
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DEFICIENCY

x = N(k o x*)
0=m—/{—rankN >0 m = # vertices
{ = # connected components

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 6/69



DEFICIENCY

x = N(k o x*)
0=m—/{—rankN >0 m = # vertices
{ = # connected components

Xi ——————= X0 + X3 Xo +Xg —— X4 + Xp
X1+ 2X4 X1 + X3 «— 3X5 + 2X;
-1 1 1 0 0 0 0 1 1 07
1 -1 -1 0o -1 3 -3 -3 0 2
N_| 1 -1 1 0 0 0 0 1 1 o0
- 0 0 2 -2 1 —1 1 0o -1 0
0 0 0 0o -1 0 0 0 0 1
0 0 0 0 1 1 -1 -2 -1 -=2]
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DEFICIENCY-ZERO THEOREM

E; ={x€R?: N(kox?) =0} P =(xo+imN)NR"

THEOREM (HORN-JACKSON-FEINBERG 1972)

WR,§ =0—=
°o £, #10
o EL = {xcR] |logx —logx* Lim N} foreach x* € E,
e |EL NnP| =1 foreach P (denote the unique element by X)
e X is locally asymptotically stable relative to P
e all solutions are bounded
e there is no periodic solution

CONJECTURE (HORN 1974)
even global asymptotic stability holds in the above theorem
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THE HORN—JACKSON FUNCTION AS
A GLOBAL LYAPUNOV FUNCTION

fix x* € E; and let V(xq,...,Xn) = > 1L, [x; (Iog ))((_,I — 1> + x,-*]

THEOREM (HORN—JACKSON 1972)
WR, 5 = 0= L V(x(r)) < 0 whenever x(t) ¢ E,
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THE HORN—-JACKSON FUNCTION FOR N = 2
V(x,y) = [X(Iogxi* — 1) +X*] + [y(log% — 1) +y*}

side view top view
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THE HORN—JACKSON LEVEL SETS FOR N =3
V(x.y,2) = [x(log 3¢ —1) +x*] + [}’(log——‘l)-i-y*]-l-[Z(Iogz%—1)+z*]

I v (x,y,z) = 0.5
P V(xy,z)=1.5
5 . (x,y,z) = 2.1
V(x,y,z) = 3.1
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WR, ) = 0 = COMPLEX-BALANCED SYSTEMS

complex-balanced
mass-action systems

Dfc-Zero-Thm extends to complex-balanced mass-action systems
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RESULTS ON THE GLOBAL ATTRACTOR CONJECTURE (GAC)

CONJECTURE (CRACIUN-DICKENSTEIN-SHIU-STURMFELS 2009)
complex-balanced equilibria are globally asymptotically stable

e detailed balance, rank N = 2, conservative
Craciun-Dickenstein—Shiu—Sturmfels 2009
e all boundary equilibria are facet-interior or vertices of P
Anderson—Shiu 2010
@ rank N =2
Anderson—Shiu 2010
e single connected component
Anderson 2011, Gopalkrishnan—Miller—Shiu 2014, BB—Hofbauer 2019
@ rank N =3
Pantea 2012
en=3
Craciun—Nazarov—Pantea 2013
e full generality
Craciun 2027
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DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)

WR (=1,0=1=
o EL £
o E, = {xeR] |logx —logx* LimN} foreach x* € E,
e |[EL NP| =1 foreachP
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DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)

WR (=1,=1—=
o EL £
o E, = {xeR] |logx —logx* LimN} foreach x* € E,
e |[EL NP| =1 foreachP

THEOREM (FEINBERG 1979)

WR, 6; <1forall1<i<{,6=061+ -+ —
o EL #£0
o EL = {xecR] |logx —logx* LimN} foreach x* € E,
e |[E, NP| =1 foreachP
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DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)

WR (=1,=1—=
o EL £
o E, = {xeR] |logx —logx* LimN} foreach x* € E,
o |EL NP|=1 foreachP

THEOREM (FEINBERG 1979)

WR, 6; <1forall1<i<{,6=061+ -+ —
o EL #£10
o EL = {xecR] |logx —logx* LimN} foreach x* € E,
e |[E, NP| =1 foreachP

x X is locally asymptotically stable relative to P
? all solutions are bounded
x  there is no periodic solution
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LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS

(BB-HOFBAUER 2021, 2022)

3Y
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LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS
(BB—HOFBAUER 2021)

X+ 5Y

unstable equilibrium
stable limit cycle

unstable limit cycle
stable limit cycle

X+2Y
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LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS
(FEINBERG—BERNER 1979)

2X X+Y

K5 H Ke K2 H KA
R4 K7

X——=7Z—7=Y

K3 K8
k1 =1
Rp = 0.2
k3 = 0.2
kg = 0.2
k5 = 0.987
kg = 0.187
k7 = 0.0052
Kg = 0.8052

X = —K1XY + KpZ + K3Z — K4X + KsX — KgX?
Y = —K1Xy + KoZ + K7Z — Kgy
Z = K1Xy — KaZ — K3Z + K4X — K7Z + Kgy

A stable equilibrium surrounded by two limit cycles

stable equilibrium
unstable limit cycle
stable limit cycle

05— ﬁ1

0S (UNI WIEN)
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MULTIPLE EQUILIBRIA IN DEFICIENCY-ONE NETWORKS
(REVERSIBLE SCHLOGL MODEL 1971)

w

I T3

AW NN =

L [

- o =0
©w

KA K3

o0 0 —o
0 xo X 2X k4 3X

—@wpo
S o

2X4+Y

X
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MULTIPLE EQUILIBRIA IN DEFICIENCY-TWO NETWORKS

(HORN—-JACKSON 1972)

XA A A
S oN =
I
—o-=0
o =
[

o1 2x"™,
Ty X k3 3X

T

NN \NOA ry = 0.15
N NONNN AN ko =1
3Y SN kg =015
N N NN kg =1
N A
KA N \ AN N NN
4 OO\ NN AN N
RN WOV .
X+ 2y \ N R AN
N\ ~‘\\ NN <\
2X+Y OO AR
N O\A NN\ N,
R2 NWVATZ NS
K3 N RN NN
p OO OO
ZA NN NN QO

3X
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A CONTINUUM OF EQUILIBRIA IN WR NETWORKS
(BB-CRACIUN-YU 2020)

X=(F+xy2+y—adxy)1 — x|
y=(F+xy%+y—4xy)[x -yl
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BOUNDEDNESS

boundedness: for positive initial conditions,

limsup [x(7)| < o0

T—00
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BOUNDEDNESS

boundedness: for positive initial conditions,

limsup |x(7)| < o0
T—00

CONJECTURE (ANDERSON 2011)
WR — boundedness

THEOREM (ANDERSON 2011)
WR, ¢/ = 1 — boundedness
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PERSISTENCE

e persistence: for positive initial conditions,
liminf xs(7) >0foralls=1,...,n
T—r00

e if all the trajectories are bounded then persistence is equivalent to
w(X) NORL, = 0 for each positive initial condition x € R’}

e persistence is the missing part of the Global Attractor Conjecture
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PERSISTENCE

e persistence: for positive initial conditions,
liminf xs(7) >0foralls=1,...,n
T—00

o if all the trajectories are bounded then persistence is equivalent to
w(X) NORL, = 0 for each positive initial condition x € R’}

e persistence is the missing part of the Global Attractor Conjecture

CONJECTURE (CRACIUN-NAZAROV-PANTEA 2013)
WR = persistence
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LOTKA REACTIONS
(SOLUTIONS ARE BOUNDED AND PERSISTENT)

2Y
'\“2
Y
. X+Y
K1
0 X 2X

X = K1X — KaXY

Y = ReXy — K3y
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PERMANENCE (MORE THAN BOUNDEDNESS + PERSISTENCE)

permanence on P:
JK C P compact s.t. every solution starting in P ends up in K
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PERMANENCE (MORE THAN BOUNDEDNESS + PERSISTENCE)

/4'/'///‘// /
(i

permanence on P:

3K C P compact s.t. every solution starting in P ends up in K

CONJECTURE (CRACIUN-NAZAROV-PANTEA 2013)
weak reversibility —- permanence

THEOREM (SIMON 1995)
n = 2, reversibility —> permanence
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EXISTENCE OF EQUILIBRIA

permanence onP —> E,. NP # I
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EXISTENCE OF EQUILIBRIA

permanence onP = E. NP # () \
THEOREM (BB 2019)
WR=— E,. NP #0 forall P
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EXTENSION OF WEAK REVERSIBILITY: ENDOTACTICITY

Def. of endotactic networks is by Craciun—Nazarov—Pantea (2013)
Def. of strongly endotactic networks is by Gopalkrishnan—Miller—Shiu (2014)

WR  weak reversibility
endotactic { # connected components

strongly
endotactic

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 25/69



THE EXTENDED PERMANENCE CONJECTURE

@ endotactic network:

» 1D: either empty or has at least two source complexes and from the
extreme ones reactions point inwards
» nD: all 1D projections are endotactic

e time-dependent rate “constants”:
3z € (0,1) s.t. e < kj() < Lforall 7 >0and forall (i,j) € R
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THE EXTENDED PERMANENCE CONJECTURE

@ endotactic network:

» 1D: either empty or has at least two source complexes and from the
extreme ones reactions point inwards
» nD: all 1D projections are endotactic

e time-dependent rate “constants”:
Je € (0,1) st e <ry(r) < Lforall r > O and forall (i,j) € R

CONJECTURE (CRACIUN-NAZAROV-PANTEA 2013)
endotactic = permanence (even for time-dependent )
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RESULTS ON PERSISTENCE/PERMANENCE

@ n = 2, reversible = permanence
Simon 1995

e rank N = 2, WR = bounded trajectories are persistent
Pantea 2012

@ n = 2, endotactic = permanence (even for time-dependent x)
Craciun—Nazarov—Pantea 2013

o if the origin is repelling and all trajectories are bounded for all endotactic
mass-action systems then the persistence conjecture holds
Gopalkrishnan—Miller—Shiu 2013

e strongly endotactic = permanence (even for time-dependent «)
Gopalkrishnan—Miller—Shiu 2014, Anderson—Cappelletti—-Kim—Nguyen 2020

e WR, ¢/ =1 = permanence (even for time-dependent x)
Gopalkrishnan—Miller—Shiu 2014, BB—Hofbauer 2019,
Anderson—Cappelletti-Kim—Nguyen 2020

@ n = 2, tropically endotactic =—> permanence (even for time-dependent x)
Brunner—Craciun 2018
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THE BIG CONJECTURES

Extended Permanence
Conjecture

!

Permanence
Conjecture

=~ 1 7>

Boundedness Persistence
Conjecture Conjecture

|

Global Attractor
Conjecture

Existence of
Positive Equilibria
Theorem
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MODELS THAT SHOW OSCILLATION

e Sel’kov’s glycolytic oscillator
o Belousov—Zhabotinsky reaction
e mitogen-activated protein kinase (MAPK) cascade

e dual-site phosphorylation and dephosphorylation network
(futile cycle)

e sequential and distributive double phosphorylation cycle

e phosphorylation and dephosphorylation of extracellular
signal-regulated kinase (ERK)

e activation of lymphocyte-specific protein tyrosine kinase (Lck)
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CLASSICAL OSCILLATORS
Frank-Kamenetsky

Lotka 1920 lvanova 1977 and Salnikov 1943
X — 2X Z+X— 2X X — 2X — 3X

X+Y —2Y X+Y—2Y X+Y—2Y
Y—0 Y+Z— 27 Y0
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CLASSICAL OSCILLATORS
Frank-Kamenetsky

Lotka 1920 lvanova 1977 and Salnikov 1943
X — 2X Z+X— 2X X — 2X — 3X
X+Y—2Y X+Y —2Y X+Y—2Y
Y—0 Y+7Z— 27 Y0
bimolecular bimolecular bimolecular-sourced

center center limit cycle
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MINIMUM RANK OF BIMOLECULAR OSCILLATORS

X = N(x o x*)

The rank of a reaction network is rank N. \

THEOREM (POTA 1985, BB-HOFBAUER 2022)
bimolecular, isolated periodic orbit exists —> rank > 3
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MINIMUM RANK OF BIMOLECULAR OSCILLATORS

X = N(x o x*)

The rank of a reaction network is rank N. \

THEOREM (POTA 1985, BB-HOFBAUER 2022)
bimolecular, isolated periodic orbit exists —> rank > 3

For the smallest oscillators, study
e rank-three, bimolecular or

e rank-two, bimolecular-sourced
networks.
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RANK-THREE, BIMOLECULAR OSCILLATORS
(SUPERCRITICAL ANDRONOV—HOPF BIFURCATION
= STABLE LIMIT CYCLE)

Feinberg—Berner 1979 Wilhelm—Heinrich 1995 Wilhelm 2009

2X X+Z 2X X+Z X—2X
|- [ | xez——vsz
Xe—=Y—=7 X—Y—Z Y — 7

l 22— 0

0
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RANK-THREE, BIMOLECULAR OSCILLATORS
(SUPERCRITICAL ANDRONOV—HOPF BIFURCATION
= STABLE LIMIT CYCLE)

Feinberg—Berner 1979 Wilhelm—Heinrich 1995 Wilhelm 2009

2X X+Z 2X X+Z X—2X
|- [ | xez——vsz
Xe—=Y—=7 X—Y—Z Y — 7

l 22— 0

0 only 4 reactions!
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RANK-THREE, BIMOLECULAR OSCILLATORS
(SUPERCRITICAL ANDRONOV—HOPF BIFURCATION
= STABLE LIMIT CYCLE)

Feinberg—Berner 1979 Wilhelm—Heinrich 1995 Wilhelm 2009

2X X+Z 2X X+Z X —— 2X
H H [ l X+Z—— Y47
Xe=Y——=Z X—Y——Z Y — Z

l 2Z——>0

0 only 4 reactions!

Find all three-species, four-reaction, bimolecular networks that admit
an Andronov—Hopf bifurcation. (Wilhelm’s network is one such.)
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SUBTLETY #1: LOSS OF EQUILIBRIUM

X—2X
X+Z—2Y
X+Y—2Z

Z—0

supercritical
Andronov—Hopf

X — 2X
X+Z—Y
X+Y—Z

Z—0

no positive
equilibrium

X = K1X — KpXZ — K3Xy
Yy = 2K2XZ — K3Xy
Z = —KoXZ + k3Xy — K4Z

X = K1X — KpXZ — K3 Xy

Y = RoXZ — K3XY
Z = —KoXZ + K3Xy — K4Z
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SUBTLETY #2: LOSS OF BIFURCATION

X—2X
2X — 2Y
Y — 2Z
X+Z—0

supercritical
Andronov—Hopf
(even Bautin)

X—2X
2X — 2Y
Y—Z
X+Z—0

X = KX — 2KoX? — KaXZ
V = 2koX? — Kgy
Z = 2K3y — K4XZ

X = KX — 2koX° — KaXZ
y = 2H2X2 — R3Y
Z = r3y — KaXZ

positive equilibrium
asymptotically stable
(no bifurcation at all)

PULA, JUNE 10, 2024 34/69
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ANDRONOV—HOPF BIFURCATION IN 2D
[KUZNETSOV, SECTION 3.5]

x=f(x,a), xe€R? acR

Suppose

e f(0,«a) = 0 for sufficiently small |c|,

o u(a) £ w(w)i are the eigenvalues with 1.(0) = 0 and w(0) > 0.
Assume further

e (transversality) 1i/(0) # 0,

e (nondegeneracy) ¢1(0) # 0 (¢4 is the first focal value).
Then the system is locally topologically equivalent near the origin to

F=r(B+or?),

. where o = sgn(¢1(0)).
=1

o
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ANALYSIS OF THE NORMAL FORM
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SUPER- AND SUBCRITICAL HOPF BIFURCATIONS
[KUZNETSOV, SECTION 3.4]

T 2

B B
1
T
¢1(0) < 0: supercritical ¢1(0) > 0: subcritical
stable limit cycle for 5 > 0 unstable limit cycle for 5 < 0
(a circle of radius /) (a circle of radius v/—p3)
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NAMES FOR ¢1(0) IN THE LITERATURE
e focal value
e Lyapunov value
e Lyapunov coefficient
e Lyapunov constant
e Lyapunov quantity
e Poincaré-Lyapunov coefficient
e Poincaré constant
e Bautin constant

e StrudelgréBe

e FokusgréBe
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¢1(0) IN 2D (WHEN THE JACOBIAN IS IN CANONICAL FORM)

f’/ i,
X=—wy+ Z iy
j+j>2 A [0 —w]
_ gij w 0
V= wx+ Z mx’y/

¢1(0) = f30 + fi2 + Gos + o1

1
+ o [f11(f20 + fo2) — 911(920 + Go2) + fo2902 — f20920]
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ANDRONOV—HOPF BIFURCATION IN ND
[KUZNETSOV, SECTION 5.2]

x=f(x,a), xeR" aeR

Suppose
e (0, ) = 0 for sufficiently small |a/,
o u(a) +w(a)i are the eigenvalues with 1(0) = 0 and w(0) > 0,
e the other n — 2 eigenvalues have nonzero real part.

Then perform similar analysis on a 2d center manifold.

However, the computation of ¢1(0) gets more complicated.
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¢1(0) IN 3D (WHEN THE JACOBIAN IS IN CANONICAL FORM)

) fik i ik
X=—wy+ Z ilj!k!XyIz

i+j+k>2 "
o gik 0 —w O
= wx+ Yo itk Xy A= [w 0 0
i+j+k>2 O 0 0

z= oz+ Z I'jlklxy’zk

i+j+k>2

£1(0) = f300 + fi20 + Go3o + G10

]
+ [fi10(f00 + fozo) — G110(G200 + Go20) + foz0Go20 — Fa00G200]

h
- 0 (2 fo4w2) [(392 + 8"J2)f101 — 2owio11 — 2pwgio1 + (92 + 80)2)9011]

2h
- 92+71:10w2 [2wfior + ofo11 + 09101 — 2wGo11]

h
- ﬁ [(g2 + 8w?)fio1 + 2owhoi1 + 20wgior + (30° + 8w2)go11]
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¢1(0) IN ND (A NEED NOT BE IN CANONICAL FORM)
Write

f(x,0) = Ax + 3 B(x, x) + %C(x, x, x) + O(||x||*), where

_xn o 9%(€,0) 9%(£.0)
Bi(x,y) = Xoki=1 Fboe | XV Cxy,2) = Skt mt DELOE 08y . OXkYIZm

forj=1,...,n
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http://www.scholarpedia.org/article/Andronov-Hopf_bifurcation

¢1(0) IN ND (A NEED NOT BE IN CANONICAL FORM)
Write

f(x,0) = Ax + 3 B(x, x) + %C(x, x, x) + O(||x||*), where
d%f(€,0 9%f(€,0
Bi(x,y) = ZZ,/:1 % xky,  Cj(x,y,z) = Zk/m 1 agka(gg,ag)m XkY1Zm

forj=1,...,n. Further, let p, g € C" be such that

Aq = wiq,
A'p = —wip,
(p.q)=1.
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¢1(0) IN ND (A NEED NOT BE IN CANONICAL FORM)
Write

f(x,0) = Ax + 3 B(x, x) + %C(x, x, x) + O(||x||*), where

n B2£,(€,0) n 8f(€,0)
Bi(x,y) = > k=1 o5 Xk, Ci(X.¥,2) = 3 1 m=1 a5idenen|  XkViZm

forj=1,...,n. Further, let p, g € C" be such that

Aq = wiq,
A'p = —wip,
(p,q) =1.

¢1(0) = 2 Re(p, v), where

v=0C(9.9.9) +2B(q,(~A)"'B(9.9)) + B (. (2wi1d—A) ' B(q.q))
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¢1(0) IN ND (A NEED NOT BE IN CANONICAL FORM)
Write

f(x,0) = Ax + 3 B(x, x) + %C(x, x, x) + O(||x||*), where
O*H(£,0 *f(£,0
Bi(x,y) = Z;,/:1 % xky, Gj(x,y,z) = Zk/m 1 agka(gg,ag)m Xk Y1Zm

forj=1,...,n. Further, let p, g € C" be such that

Aq = wiq,
A'p = —wip,
(p,q) =1

¢1(0) = 2 Re(p, v), where

= C(3.9.9)+2B(q.(-A)'B(3.9) ) + B (7. (2wild—A) "' B(q,q))

details: http://www.scholarpedia.org/article/Andronov-Hopf_bifurcation
(by Kuznetsov)
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THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

(XN

degenerate A-H
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THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

v unstable equilibrium
stable limit cycle

degenerate A-H
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THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

v stable equilibrium
unstable limit cycle

degenerate A-H
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THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

Z+X— 2X

X+Y —2Y
Y+Z—0——27Z

twic€eo(A)=L1 =0

degenerate A-H
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THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

unstable equilibrium
stable limit cycle

ooV

stable equilibrium
unstable limit cycle

degenerate A-H

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 43/69



THEOREM (BANAJI-BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A-H

supercritical A—H subcritical A—H

Can two limit cycles coexist?

(codimension-two bifurcation)

degenerate A-H
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BAUTIN BIFURCATION IN 2D
[KUZNETSOV, SECTION 8.3]

x=f(x,a), xcR? acR?
Suppose
e f(0,a) = 0 for sufficiently small |c|,
o u(a) +w(«)i are the eigenvalues with 1(0) = 0 and w(0) > 0,
e (1(0) =0.
Assume further
e (transversality) o — (u(«), 1()) " is regular at o = 0,
e (nondegeneracy) (>(0) # 0 (¢ is the second focal value).
Then the system is locally topologically equivalent near the origin to

r=r(B1 + Bar® +ar'),

- where o = sgn(¢>2(0)).
o=k

v
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ANALYSIS OF THE NORMAL FORM FOR /2(0) < 0, 51 <0

52(0) <0

2_,.4)

+52r

r=r(b

1

=

B2 > 2v/—B4

B1 <0

B1 <0
By =

B1 <0
<

SNNNNNVY 000000
AN S
N\
OO\ s
N\ i
N\ —
N\ R
= / M/
i N
— AN
= NN
A { ///

o777 7 TTANN
AN
N\

2]
=
o
=
12
2
)
z
=
3
9
<
5
7]
<
=
I
[}
)
2
=
<
2
=
A
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BAUTIN BIFURCATION DIAGRAM (CASE /3(0) < 0)
[KUZNETSOV, SECTION 8.3]

0
o @ P
@ © ”
H,
//// \\5:\\\\\ <:> /{/
® 0 B
. . D.H
BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024

46/69



¢>(0) IN 2D (QUADRATIC CASE)
. 1
X=-y+ 5("20X2 + 2f11xy + fo2y?)

. 1
y= x+ é(gzox2 + 211Xy + Gozy?)

€2(0) = 5fi1 15 + 5gozfsp — i1 haofiy — 14f0g02fie — 6f1G11 7 — 119020111
+ 5hoge0fte + 5G119eolts — 24F1 oo — 43g0afoe — 5711 fofor — 13311 ghofoe
— 3211951 foe — 6Go2gF1 oz — 5fi1G50To2 — 5go2Ghofor — 114£1 Gozfoz — 53f0Gozfoz
— 84f11f011foz — 54hogoa11for — 22f{1 Gaofoz + 20f20g20fo2 — 20g52G20foz
+ 22951 gaofo2 — 42f11Go2gaotoz + 42f0G11 G0z — 4311150 + Bl0gh2 + 24G02071
— 5h0030 — 591150 — 53fi1f0gbz — 32f11f20g% + 86f0g02h+ + 1171112095
+ 14£0902G20 + 61111950 + 9GoaGr1 oo — 24£1 o — B30 g02 — 86/ foogoz
+43g5,g11 — 78f1 1011 + 78f11 92011 + 32f71 gozGr1 + 53f0g02g11 + 436020
+ 24971 G20 + 53f0052920 + 114120951 G20 + 671 f20g20 + 54f11 200220
+ 3215 911920 + 1335911920 + 57982911920 + 84f11702G11 920
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¢2(0) IN ND (QUADRATIC CASE)
f(x,0) = Ax + 3B(x, x) = £2(0) = 1= Re cz, where

c2 = (p,2B(7, hs1) + 3B(q, ho2) + B(heo, hao) + 3B(h21, hoo) + 6B8(hi1, ha1))
hoo = (2wild —A)~'B(q, q)
hi1 = —-A""B(q,9)

¢ = 3(p,2B(q, 1) + B(G; heo))
By - [wi ld-A q} m _ [2B(q, hi) + B(q, hxo) — 2019

p 0| | s 0

hao = 3(3wild —A)~" B(q, hzo)
hsy = (2wild —A)f1 (8B(h20, h11) + B(Qq, hso) + 3B(q, h21) — 6¢1h20)
hoo = —A~"(2B(hy1, hi1) + 2B(q, hat) + 2B(G, h21) + B(h2o, ho))

(recall: +wi € o(A), Aq = wig, ATp = —wip, (p,q) = 1)
details: http://www.scholarpedia.org/article/Bautin_bifurcation
(oy Guckenheimer and Kuznetsov)

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 48/69


http://www.scholarpedia.org/article/Bautin_bifurcation

THEOREM (BANAJI-BB 2023): SIGN OF /»(0)

supercritical A—H subcritical A—H

all 25: generic Bautin

230f25: L, <0

stable equilibrium
unstable limit cycle
stable limit cycle

20f25: L, >0
unstable equilibrium

stable limit cycle
unstable limit cycle

degenerate A—H
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THEOREM (BANAJI-BB 2023): SIGN OF /»(0)

supercritical A—H subcritical A—H

transversality
of the Bautin
fails for all six

AA for all six: L, <0

stable equilibrium
unstable limit cycle
stable limit cycle

degenerate A—H
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THEOREM (BANAJI-BB 2023): SIGN OF /»(0)

supercritical A—H subcritical A—H

(NN s
X+Y —2Y

Y+Z— 00— 2Z

twico(A)=Li=L=0
is it a center?

degenerate A—H
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VERTICAL ANDRONOV—HOPF BIFURCATION
[KUZNETSOV, SECTION 3.4]

1

T 2

: A

supercritical A—H vertical A—H subcritical A—H
?1(0) <0 lk(0) =0 forall k > 1 ?¢1(0) >0

stable limit cycle | continuum of periodic orbits |unstable limit cycle
when 3 >0 at5=0 when 3 <0
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THE EXCEPTIONAL NETWORK SHOWS
A VERTICAL ANDRONOV—HOPF BIFURCATION

KA
Z+X—2X

K2
X+Y —2Y

K3 K4
Y+Z—0—2Z

K1 = Ko + K3

BALAZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS



THE EXCEPTIONAL NETWORK SHOWS
A VERTICAL ANDRONOV—HOPF BIFURCATION

K1
Z+X— 2X
K2
X+Y —2Y
K3 K4
Y+Z—0——>2Z
K1 = Ko + K3

Applied Mathematics Lotters 143 (2023) 108671

Contents lists available at ScienceDirect

Applied Mathematics Letters

ELSEVIER wwwwelsevier.com/locate/ami o
The smallest bimolecular mass-action system with a vertical )
Andronov Hopf bifurcation =
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MULTISTABILITY:
A STABLE EQUILIBRIUM AND

)

=

A STABLE LIMIT CYCLE COEXIST
X K/1 2X [Iﬁ:%,ﬂgzg,ﬁgztlﬁtz
R2
X e Z - 5 2Y + stable equiliorium
#23 K3 25 bl ity
Y—Z
K4 o
27 — 0 o~
) e / N
. " //
X = K1X — KpXZ [
Y = 2KkoXZ — K3y L//// /
Z = —KoXZ + K3y — 2:‘£4Z2 IR S A e SRV
PULA, JUNE 10, 2024

DYNAMICS OF MASS-ACTION SYSTEMS

BALAZS BOROS (UNI WIEN)
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THE 86 NETWORKS THAT ADMIT NONDEGENERATE ANDRONOV-—HOPF

40 X = 2X X+Z-2Y+Z ¥ 2 2Z -0
4 XX X+ZaY4Z Nz 2Z Y
[ 1 0=x Xy Y1797  X+Z—0 42 X=X X+Z-Y+Z ¥ =7 27 = 2Y
2 05X X52Y  YiZo2Z  XiZ 0 43 Xo2X  X+ZY4Z N Z Y4ZIo0
<0 3 0=X X4Y =2y Yo7  Xezoo 4 X=X X+Z=Y+Z N =Z o Y+ZsY
10X XY sy Y X4+Z X+Zs0 45 X 2X  X+Z-Y+Z ¥ =7 Y4z 2y
5 ZoX+Z X4Y s Y470 0=z Li<o 8 XoX  X+ZoYiZ o2 220
47 X = 2X X+Z—=Y+2Z 2Y » 27 2Z-Y
[L2z0 6 0ox  x4vooy Y2 X+Z-0 48 X2X  X+ZY4Z N2 YHZ0
49 X - 2X X+Z->Y+Z 2 » 2Z YELY
[150 7 0ox+Y x+zov+z vizo2 z-0 50 XX X+ZY4Z Y4Zo22Z 2Z 50
| 51 X = 2X X+ZY+Z Y+Z 527 2Z-Y
S 03X4Y XFZIX Y2 522 230 52 X 2X XY Y+Z 22 X+Z-50
9 OpXepY' XehZosBY  Nekz =22 20 53 X = 2X K=Y Y+Z=2Z  X+Z-0
I P 10 0-—=X X+Z+Y+Z Y+Z 522 Z-0
= 0ox X+Z52Y  Y+Zo2Z zZ50 5 XX X4Y 2y 2 7 X+Z Y
12 0 X4Z X+Y—2Y Yo7 o Y+ZoX 55 X-2X  X+Z=Y  X+Y =22 27 -0
13 0 X+Z X+Y—2Y Y2z Y+Z X 56 X = 2X X+Z =Y X+Y 22 Yor 2
57 X = 2X X+Z—2Y 2Y » 2Z 2Z—=0
; 5B OXo2X  X+Z2y 2Y 22 2Z 5 Y
| :: . i:i:::i A LR 59 X 2X  X+Z-2Y W2z Y4Z-0
2 60 X - 2X X+Z-—2Y 2Y » 22 Y+Z Y
16 X=2X  X+Z-Y+Z  Yo1Z 2 Y
6l X—2X  X+Z=2  X+Y=Z 22 -0
17 X = 2X X+Z2Y+Z X+Y>1Z Z-0 5
L <0 5 > 62 X - 2X X+Z =27 X+Y =2 2Z-Y
18 X52X  X4ZY+HZ X+Y 22 Z0 BED o ioe  aiTay  XAY ST YTy
19 X - 2X X+Z =Y X+Y -2z Z-0 7
20 X 52X X+Zs2Y  X+Y 22 zZ-0 G X 2K X4Zo2y XAyl 2z
ol B R e EE4- 6 X-2X  X+Z=2  X+Y=2Z  Y+Z-Y
66 X — 2X X+2Z—=2Y X+Y2X4+Z Y4+Z 30
[ 2 XX XiZoay Yoz Zoy 67 X—2X  X+ZY+Z X+Y=Z 220
23 XX  XaZoav Yoz 70 68 X2X  X+ZY+Z X+4YZ 22 5 Y
L2 XX Xizoay Yooz 2750 69 X=X  X+Z=Y+Z X+Y=Z  Y+Z=Y
Ll o o bz Mg 970 M Xo2X  X+ZY+Z X+Y 22z 2Z -0
% X ox 2X s 2y Yoo XiZoo T X=X X+ZY+Z X+Y =2 Y+ZsY
i el Y=o > T2 X=X X+Z-ov 2Y = 0 X+Y = X+2Z
[ Y ooX  X+ZoavYiZ sz 750 3 X 2X X+Zo2Y  Y4ZoZ X+Y 4 X+Z
OV Zox T4 X=X X+Z=2Y Y+Z2Z 2Y 27
YooX  XiZoaYiz Nz 75y T XX X+Z  Y+Z-22Z 220
Li>0 Y - 2X X+Z3Y+Z 2Y 5 X+2Z Z-0 76 X —2X X+Z—=2Y Y+7Z-27 2Z Y
YooX  X4iZoaYiz ooz 750 T X2 X+ZY+Z N X+Z YHZ 0
Y oaoX X4z ooy oY a7 Z 50 T8 XX X4Y 2y 2 =7 X+Z =0
22X XAY oY Yoz Ty Li>0 79 X2X  X+Y o2y ¥ 422 X4Z-0
80 Y -2 X—=2Y  Y+Z=2Z  X+Z-0
81 Y 52X X+Z—2Y Y+Z 22 2Z-0
| 3% 05X XY Y4Zo2Z  X+4Z0 82 Yo X+Y X sY+Z Y+Z-Z X+Z -0
36 0-—=X 2X = 2Y Y+Z 22 X+Z -0 8 Y = X+Y X=Y+Z Y+Z 522 X+Z-=0
Li<0 37 05X  X+Yo2Y  Y4Zo2Z  X+ZoX 81 Yo X+Y XY Y4Z2Z  X+Z-0
3B 0 X+Y X4Y 2 Y4222 X+ZoX 8 Yo X+Y X2 Y4Z 22 X4Z0
30 0o X+Z X4Y =2 Y4ZoZ  X+ZoX 8 Z-X+Z  X—=Y+Z X+Y 0 Y+Z - X+Y
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RANK-TWO, BIMOLECULAR-SOURCED OSCILLATORS

THEOREM (POTA 1985, BB-HOFBAUER 2022)

bimolecular, isolated periodic orbit exists —> rank > 3

X — 2X — 3X  Frank-Kamenetsky—Salnikov 1943

X+Y—2Y bimolecular-sourced
Y0 Andronov—Hopf
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RANK-TWO, BIMOLECULAR-SOURCED OSCILLATORS

THEOREM (POTA 1985, BB-HOFBAUER 2022)

bimolecular, isolated periodic orbit exists —> rank > 3

X — 2X — 3X  Frank-Kamenetsky—Salnikov 1943

X+Y—2Y bimolecular-sourced
Y0 Andronov—Hopf

Papers on rank-two, bimolecular-sourced mass-action systems:

@ Banaji-BB-Hofbauer
Oscillations in three-reaction quadratic mass-action systems
Studies in Applied Mathematics, 2024
@ Banaji-BB—Hofbauer
Bifurcations in planar, quadratic mass-action networks
with few reactions and low molecularity

In preparation, 2024
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BOGDANOV-TAKENS BIFURCATION
[KUZNETSOV, CHAPTERS 3, 6, 8]

9

a<0 a=0 a>0

homoclinic

fold (a.k.a. saddle-node) Bogdanov—Takens
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THE SMALLEST PLANAR, QUADRATIC NETWORKS
ADMITTING BOGDANOV-TAKENS BIFURCATION

N
A R
> > > > > > > XXX X

YYYYNNWWnzuOOOOOOY2322333XXX22222X
O O M A
OO XX XXX X XX XXX XXX X XXX XXX XXXXXXXXXO
&> > TR %
++++XX+++XX XX XX XXX

0000000 O [>> [ XXXXAANXXXAmXAmXABoXanaNo
O O O M
>>>>>>>> |00 [00000O>>>>>>>>>>>>>>>>>
N
LBt ABAs A8 [RSTSEBxxxcoococ00>>>>>&
O O M A
S>> > > > > > [ > > > > > > > > > > > > > > > > > > > > > >
++++++++|++|++++++++ A+
XXX XX XX PR XXX XX XXX XXX XX XXX XXX
RXAHAX XXX X XXX XX XXX XXX XXX XX XX X X
Ll Rt R R Rl (SR X R R R K Rk R K R R S R X R P R R PR Ko N )
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VERTICAL BOGDANOV-TAKENS BIFURCATION
X+Y
Y

K2
K3
K4 KA

780
%
S
a
bifurcation diagram phase portrait
(ka, K4 fixed) (4r1kq < K2 and k1 = Kp)
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INHERITANCE RESULTS...

e ...infer dynamical behaviours in networks from subnetworks.

e ...give us a partial ordering on networks:
R < R’ if R" inherits behaviours from R.

e ...justify the intensive study of small networks as motifs in larger,
real-world networks.
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ENLARGEMENTS

X—Y
2X+Y — 3X
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ENLARGEMENTS

X—Y
2X+Y — 3X
X+Y— 2X
E1: dependent reac;ion\
X—Y
2X+Y — 3X
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ENLARGEMENTS

X—Y
2X+Y — 3X
X Y XS=2o0==Y
2X+Y — 3X T
X+Y—2X E2: fully open extension
E1: dependent rea(;on\ |
X—Y
2X+Y — 3X
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ENLARGEMENTS

X—Y
2X+Y — 3X
X—>Y
XS==0=Y X4Z — Y
2X+Y — 3X
] 2X +Y —> 3X+Z
X+Y—2X E2: fully open extension
E1: dependent rea(;on\ | /Esv dependent species
X—>Y
2X+Y — 3X
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ENLARGEMENTS

X—Y
2X+Y — 3X
X—>Y — >
XE202Y X+Z —> Y
2X+Y — 3X
] 2X + Y —> 3X+Z
X+Y—2X E2: fully open extension
E1: dependent rea(;on\ | /Esv dependent species
X—>Y
2X+Y — 3X
\Bl;new species with flows
X+Z — Y
2X+Y — 3X
0=—=7
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ENLARGEMENTS

X—>Y
2X+Y — 3X
X—>Y — >
XS=o0==2Y X+Z —> Y
2X+Y — 3X
1 2X 4+ Y —> 3X+Z
X+Y— 2X E2: fully open extension
E1: dependent rea(;lon\ | /Esv dependent species
X—Y
2X+Y — 3X
| \Bl;new species with flows
E5: new reversible reaction X+Z — Y
¢ 2X+Y — 3X
X—Y
0=2
2X+Y — 3X
Y+Z=W
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ENLARGEMENTS (NOT EXHAUSTIVE)

X—>Y
2X+Y — 3X
X—Y Xe=0==2Y E
2X+Y — 3X
1 2X 4+ Y —> 3X+Z
X+Y— 2X E2: fully open extension
E1: dependent rea(;lon\ | /Esv dependent species
X—Y
2X+Y — 3X
E6: split reaciion/ | \Bl;new species with flows
E5: new reversible reaction X+Z — Y
X—Z+W—Y ¢
2X+Y — 3X
2X+Y — 3X X—Y
0=2
2X+Y — 3X
Y+Z=W
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THE INHERITANCE THEOREM

E1 A new linearly dependent reaction.

E2 The fully open extension.

E3 A new linearly dependent species.

E4 A new species and its inflow-outflow.

E5 New reversible reactions involving new species.
E6 Splitting reactions.

THEOREM (BANAJI ET AL.)

E1-E6 preserve equilibria, periodic orbits, and bifurcations

Apply regular (E1, E2, E3) or singular (E4, E5, E6) perturbation theory.
Very technical. O
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PHOSPHORYLATION AND DEPHOSPHORYLATION OF
EXTRACELLULAR SIGNAL-REGULATED KINASE (ERK)

reduced ERK
Soo + E — SpoE — SpitE — Syt +E  Si1 + F — Sy1F — S1oF —> S0 +F

L1 b

Set +E Sy +E Sio+F So1+F

E1, E6

full ERK
Soo + E 2 SoE — SpiE — St +E St + F 2 S41F — S1oF —> Spo +F

v o

So1 + E S1oE S0+ F So1F
Ml Ml
Sio+E So1 +F

the full ERK inherits the oscillation that is present in the reduced ERK
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MITOGEN-ACTIVATED PROTEIN KINASE (MAPK)
CASCADE WITH NEGATIVE FEEDBACK

B n=24, m=36,r=17
| (stable oscillation)
MKKK MKKK-p E1+72 = EZ = B+ Zp,
- Fi+Zp = F1-Zp - F1 +2Z
L Zp+Y = ZpY — Zp+Y-p = Zp Y-p = Zp+ Y-pp
P Fo+Ypp = Fo-Y-pp = Fo+Y-p = Fo-Y-p = Fo +Y
MKK MKK-p MKK-pp Y-pp+X = Y-pp X = Y-pp+ X-p = Y-ppX-p = Y-pp + X-pp
\E/ \Fg/ F3 + X-pp = F3X-pp - F3+X-p = FsX-p - F3 +X

E; + X-pp = E;X-pp

EiX-pp+7Z = E,X-pp-Z

MAPK MAPK-p  MAPK-pp EiXppZ = EiZ + X-pp.
- o~

F3 F3
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MITOGEN-ACTIVATED PROTEIN KINASE (MAPK)
CASCADE WITH NEGATIVE FEEDBACK

o

|

MKKK MKKK-p

¥y
R
MKK MKK.p MKK-pp
¥y ¥,
MAPK MAPK-p

Fy

MAPK-pp

DYNAMICS OF MASS-ACTION SYSTEMS

n=24, m=36,r=17
(stable oscillation)

Ei1+7Z = EyZ — E, + Zp,
Fi+Zp = Fi-Zp - F1 + 2
7Zp+Y = ZpY = Zp+Y-p = ZpY-p — Zp+ Y-pp
Fo+Ypp = Fo-Ypp = Fo+Yp = FoYp = Fo+Y

Y-pp+X = Y-pp X = Y-pp+ X-p = Y-ppX-p = Y-pp + X-pp

F3 + X-pp = F3-X-pp = F34+X-p = F3X-p = F3+X
E; + X-pp = E;-X-pp

EiX-pp+7Z = E,X-pp-Z

E-X-ppZ = E;-Z + X-pp.

n=8 m=14,r=38
(stable oscillation)

Ey — Ei + Zp,

Zp — 0

Z-p = Zp+Y-p = Zp+ Y-pp
Fo+Y-pp - Fo+Yp = 0 = Fo
Y-pp + X — Y-pp + X-p — Y-pp + X-pp
Xpp - 0 - Xp =» X

E; + X-pp = 0

E1, ES, E5, E6
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CODIMENSION-ONE BIFURCATIONS OF EQUILIBRIA
[KUZNETSOV, CHAPTER 3]

‘\\\\\\\\\\ " Ty L) Ty
/.rl('n) a1 3] 3]
o a<0 a=10 a>0
fold (a.k.a. saddle-node) Andronov—Hopf
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CODIMENSION-TWO BIFURCATIONS OF EQUILIBRIA
(IN SCALAR OR PLANAR ODES)
[KUZNETSOV, CHAPTER §]

cusp (in 1d) cusp (in 2d)
® ". @).H. y l /
/ 2 EA
T \\¥ . <;; (10,H_
Bautin Bogdanov—-Takens
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THE HOMOGENISED BRUSSELATOR
BANAJI-BB—-HOFBAUER 2022

X—Y
2X+Y — 3X

fold

0=X—Y

2X+Y — 3X

Andronov—Hopf
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THE HOMOGENISED BRUSSELATOR
BANAJI-BB—-HOFBAUER 2022
X—Y
2X +Y — 3X

E5
fold ™~

Z=X—Y

2X+Y — 3X

E3
7 old

0=X—Y Andronov—Hopf
2X 1+ Y —> 3X Bogdanov-Takens
(= homoclinic)

Bautin
(= fold of limit cycles)

Andronov—Hopf
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THE HOMOGENISED BRUSSELATOR
BANAJI-BB-HOFBAUER 2022
X—Y
2X +Y — 3X

E5 Z
fold ™~

Z=X—Y &e_ Z§§

2X+Y — 3X X (/:, v
}' fold 2X+Y — 3X
0=X—Y Andronov—Hopf
XY ax SO onov-top
Andronov-Hopf Ba(‘i;[ifrc‘”d ottt cyclos Bo(idir;%\é;il;e)lkens

Bautin
(= fold of limit cycles)
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ANALYSIS OF LARGE NETWORKS:
THE LONG-TERM GOAL

e build a directory of motifs/atoms:
classify small networks with certain behaviours

e establish inheritance results:
infer behaviours in large network from subnetworks

e develop algorithms:
find motifs/atoms of certain behaviours in a large network
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MY GITHUB

cax O 0
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1 balazsboros / reaction_networks 7!

© bsves 1 Pullrequests © Actons [ Projects @ Security £ sights

© cote
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bsbores ey Do commis
©
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B 3species dreactions ’ %o
o1
o et xclion
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pactages
D READMEmd a
0 README = Languages

Supplementary materials to some of my papers on chemical reaction networks.
Mainly Mathematica and MATLAB codes. Mathematica notebooks (nb fies) are also saved as a pdf fle.

Alist of all of my publications can be found at httpsy/sites google.com/view/balazsboros.

3reactions

M. Banaji, B. Boros, J. Hofbauer
" mass-: ¥
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COMPUTING THE FOCAL VALUES IN MATHEMATICA

 F[4,3) compites the polyncmial Fy (1) +)
FLLs 7.1 5o Modale[ (coetfs, W, mte),
contf = Confictentiast D[R by (5 1], (5]
M = Dimensions (contfs1 11 -

SURP N 0,0 m)s

et mnins, 0], 0

1
]

< Hik,3) comutes H.[hy), note that one of k and J is even, the other one &s odd in sl of the interesting cases +
Wik 5.1 1 Wodate[Goet ),
confs = Conficientiist [, (2, )]
(k2001 ¢ - (2001 [
" ] il )eg,, 30 D e ) 2]
b LI B

s

 compits e focl VTl ity
FocalVauesn., conffiten., Cueiatic.) ol cd, Rcdy cont 5y, condy G L, qusdatic, F21E)

£y and gi5), where £y and 6,

« coefficient 1 either "Taylor” [, and Gy or “derdvative (. 5 default 4s Toylor +

= 03 R2cd = O3
For(k=2, ks2me1, Kes, For(i=0, 15K, dee, (cdaJoin[cd, (6u,0r dcd], R2CA = J0AN(R2, (Ry Gty DIN5
conffaxy = CosfficientList [Complexexpand sum[Sum[R,. 2* (), (1,0, )], (6, 2, 20+0)] /. 2cd /- (z2x 0y D], (0 9]

Fortk=2, ks2me1, kes, (
For(120, 15k, 1es, (
cond = cond 88 (5,
"
<265 = Solvefcond, cd] B
T#[isquadratic, {
quadratic s ()3
For[i20, 52m+1, ivs, For[3=0, 352ms1-1, Jou, TF[1+323, quadratic
<0266 = cd2FG /. quadratics

omplextxpand (Re coeff5xy[1 + 1, k- 1+ 111]) 88 (G, = Complextxpand [In[<oef fsxy[1 + 1, k- 1.+ 11]1)

Jotn[quadratic, (Fys+

sus=o}l]l]s

For[ke2, ks2me1, koo, Roxsum[R,, 2w, (4,0, k)] ]

b= 1
Forlket, KaZaa, Kooy b = S(FIke1-1, 11, (1,0, K-21113
s« Constantaeray (il
Forty1, 35,3
Aty oSN+ 1-1, 10,2301 26 s
Aoy
ezt = 13

For[1-0, 152001, us, For[5-0, 3520 1-1, Jus, Fizfy = Toin[FGars, r‘,,n‘ﬁ,ﬁ.,,.”]‘l)]]]-

L = Stmplify[Ls /. FG2fg)

ROS (UNI WIEN)



