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MAIN CHARACTERISTICS OF THE MODEL

This talk
continuous-time
deterministic
state space is Rn

≥0

homogeneous in space
future depends on the present only
autonomous

Later this week, also
stochastic
state space is discrete or infinite dimensional
inhomogeneous in space (PDE)
future also depends on the past (delay)
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MASS-ACTION SYSTEMS
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
ẋ + ẏ + ż = 0 =⇒ x(t) + y(t) + z(t) ≡ c

ẋ = N(κ ◦ xA) in Rn
+

P = (x0 + imN) ∩ Rn
+

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 3 / 69



MASS-ACTION SYSTEMS

Z X Y

2X + Y 3X

κ1

κ2

κ3

κ4

κ4

species:
complexes:
reactions:

X, Y, Z
X, Y, Z, 2X + Y, 3X
Z → X, X → Z, X → Y, 2X + Y → 3X

ẋ
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ẏ
ż
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QUESTIONS

existence/uniqueness/number of equilibria

periodic orbits, limit cycles, centers, homoclinic orbits

local/global asymptotic stability (of equilibria or periodic orbits)

bifurcations (of equilibria or periodic orbits)

multistability

boundedness of solutions

persistence

permanence
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WEAK REVERSIBILITY (WR)

each reaction is part of a cycle =⇒ WR

C1 C2

C3

C4 C5

C6C7

reaction C6 → C7 is not part of any cycle =⇒ not WR

C1 C2

C3

C4 C5

C6C7
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DEFICIENCY

δ = m − ℓ− rankN ≥ 0
ẋ = N(κ ◦ xA)

m = # vertices
ℓ = # connected components

X1 X2 + X3

X1 + 2X4

X2 + X5 X4 + X6

3X2 + 2X6X1 + X3

N =


−1 1 1 0 0 0 0 1 1 0

1 −1 −1 0 −1 3 −3 −3 0 2
1 −1 −1 0 0 0 0 −1 1 0
0 0 2 −2 1 −1 1 0 −1 0
0 0 0 0 −1 0 0 0 0 1
0 0 0 0 1 1 −1 −2 −1 −2



δ = 7 − 2 − 5 = 0
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ẋ = N(κ ◦ xA)

m = # vertices
ℓ = # connected components

X1 X2 + X3

X1 + 2X4

X2 + X5 X4 + X6

3X2 + 2X6X1 + X3

N =


−1 1 1 0 0 0 0 1 1 0

1 −1 −1 0 −1 3 −3 −3 0 2
1 −1 −1 0 0 0 0 −1 1 0
0 0 2 −2 1 −1 1 0 −1 0
0 0 0 0 −1 0 0 0 0 1
0 0 0 0 1 1 −1 −2 −1 −2



δ = 7 − 2 − 5 = 0

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 6 / 69



DEFICIENCY-ZERO THEOREM

E+ =
{

x ∈ Rn
+ : N(κ ◦ xA) = 0

}
P = (x0 + imN) ∩ Rn

+

THEOREM (HORN–JACKSON–FEINBERG 1972)
WR, δ = 0 =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P (denote the unique element by x)
x is locally asymptotically stable relative to P
all solutions are bounded
there is no periodic solution

CONJECTURE (HORN 1974)
even global asymptotic stability holds in the above theorem
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THE HORN–JACKSON FUNCTION AS

A GLOBAL LYAPUNOV FUNCTION

fix x∗ ∈ E+ and let V (x1, . . . , xn) =
∑n

i=1

[
xi

(
log xi

x∗
i
− 1

)
+ x∗

i

]
THEOREM (HORN–JACKSON 1972)

WR, δ = 0 =⇒ d
dτ V (x(τ)) < 0 whenever x(τ) /∈ E+
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THE HORN–JACKSON FUNCTION FOR n = 2
V (x , y) =

[
x
(
log x

x∗ − 1
)
+ x∗]+ [

y
(
log y

y∗ − 1
)
+ y∗]
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THE HORN–JACKSON LEVEL SETS FOR n = 3
V (x , y , z) =

[
x
(
log x

x∗ −1
)
+ x∗]+ [

y
(
log y

y∗ −1
)
+ y∗]+ [

z
(
log z

z∗ −1
)
+ z∗]
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WR, δ = 0 =⇒ COMPLEX-BALANCED SYSTEMS

complex-balanced
mass-action systems

WR, δ = 0

Dfc-Zero-Thm extends to complex-balanced mass-action systems
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RESULTS ON THE GLOBAL ATTRACTOR CONJECTURE (GAC)

CONJECTURE (CRACIUN–DICKENSTEIN–SHIU–STURMFELS 2009)
complex-balanced equilibria are globally asymptotically stable

detailed balance, rankN = 2, conservative
Craciun–Dickenstein–Shiu–Sturmfels 2009
all boundary equilibria are facet-interior or vertices of P
Anderson–Shiu 2010
rankN = 2
Anderson–Shiu 2010
single connected component
Anderson 2011, Gopalkrishnan–Miller–Shiu 2014, BB–Hofbauer 2019
rankN = 3
Pantea 2012
n = 3
Craciun–Nazarov–Pantea 2013
full generality
Craciun 202?
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DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)
WR, ℓ = 1, δ = 1 =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

THEOREM (FEINBERG 1979)
WR, δi ≤ 1 for all 1 ≤ i ≤ ℓ, δ = δ1 + · · ·+ δℓ =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

× x is locally asymptotically stable relative to P
? all solutions are bounded
× there is no periodic solution

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 13 / 69



DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)
WR, ℓ = 1, δ = 1 =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

THEOREM (FEINBERG 1979)
WR, δi ≤ 1 for all 1 ≤ i ≤ ℓ, δ = δ1 + · · ·+ δℓ =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

× x is locally asymptotically stable relative to P
? all solutions are bounded
× there is no periodic solution

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 13 / 69



DEFICIENCY-ONE THEOREM

THEOREM (FEINBERG 1979)
WR, ℓ = 1, δ = 1 =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

THEOREM (FEINBERG 1979)
WR, δi ≤ 1 for all 1 ≤ i ≤ ℓ, δ = δ1 + · · ·+ δℓ =⇒

E+ ̸= ∅
E+ = {x ∈ Rn

+ | log x − log x∗ ⊥ imN} for each x∗ ∈ E+

|E+ ∩ P| = 1 for each P

× x is locally asymptotically stable relative to P
? all solutions are bounded
× there is no periodic solution

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 13 / 69



LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS

(BB–HOFBAUER 2021, 2022)

•

•

•

•

Y

X

X + 2Y

3Y

κ1

κ2

κ3

κ4 κ1 = 240
κ2 = 8
κ3 = 40
κ4 = 3

•

•

•

•

Y

X

X + 2Y

3Y

1

a4a

1

b4b a = 0.005
b = 0.18

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 14 / 69



LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS

(BB–HOFBAUER 2021)

•

•

•

•

Y

0

X + 2Y

X + 5Y

κ1

κ2

κ3
κ4

unstable equilibrium
stable limit cycle

unstable limit cycle
stable limit cycle
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LIMIT CYCLES IN DEFICIENCY-ONE NETWORKS

(FEINBERG–BERNER 1979)

YZX

2X X + Y

κ8

κ7

κ3

κ4

κ5 κ6 κ2 κ1

ẋ = −κ1xy + κ2z + κ3z − κ4x + κ5x − κ6x2

ẏ = −κ1xy + κ2z + κ7z − κ8y
ż = κ1xy − κ2z − κ3z + κ4x − κ7z + κ8y

κ1 = 1
κ2 = 0.2
κ3 = 0.2
κ4 = 0.2
κ5 = 0.987
κ6 = 0.187
κ7 = 0.0052
κ8 = 0.8052
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MULTIPLE EQUILIBRIA IN DEFICIENCY-ONE NETWORKS

(REVERSIBLE SCHLÖGL MODEL 1971)

0 X 2X 3X

κ1

κ2

κ3

κ4
• • •

κ1 = 0.3
κ2 = 1
κ3 = 0.3
κ4 = 1

Y

X

2X + Y

3X

κ1

κ2

κ3

κ4

κ1 = 0.5
κ2 = 20
κ3 = 8
κ4 = 1
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MULTIPLE EQUILIBRIA IN DEFICIENCY-TWO NETWORKS

(HORN–JACKSON 1972)

0
X

2X
3X

κ1 κ2

κ3κ4

• • •

κ1 = 0.15
κ2 = 1
κ3 = 0.15
κ4 = 1

3Y

X + 2Y
2X + Y

3X

κ1

κ2κ3

κ4

κ1 = 0.15
κ2 = 1
κ3 = 0.15
κ4 = 1
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A CONTINUUM OF EQUILIBRIA IN WR NETWORKS

(BB–CRACIUN–YU 2020)

• •

•

4

1

1
1

• •

•

1

1
4 1

• •

•

1

4

1
1

ẋ = (x2 + xy2 + y − 4xy)[1 − x ]

ẏ = (x2 + xy2 + y − 4xy)[x − y ]

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 19 / 69



BOUNDEDNESS

boundedness: for positive initial conditions,

lim sup
τ→∞

|x(τ)| < ∞

CONJECTURE (ANDERSON 2011)
WR =⇒ boundedness

THEOREM (ANDERSON 2011)
WR, ℓ = 1 =⇒ boundedness
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PERSISTENCE

persistence: for positive initial conditions,
lim inf
τ→∞

xs(τ) > 0 for all s = 1, . . . ,n

if all the trajectories are bounded then persistence is equivalent to
ω(x) ∩ ∂Rn

≥0 = ∅ for each positive initial condition x ∈ Rn
+

persistence is the missing part of the Global Attractor Conjecture

CONJECTURE (CRACIUN–NAZAROV–PANTEA 2013)
WR =⇒ persistence
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LOTKA REACTIONS

(SOLUTIONS ARE BOUNDED AND PERSISTENT)

X 2X

X + Y

2Y

Y

0

κ1

κ2

κ3

ẋ = κ1x − κ2xy
ẏ = κ2xy − κ3y
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PERMANENCE (MORE THAN BOUNDEDNESS + PERSISTENCE)

permanence on P:

∃K ⊆ P compact s.t. every solution starting in P ends up in K

CONJECTURE (CRACIUN–NAZAROV–PANTEA 2013)
weak reversibility =⇒ permanence

THEOREM (SIMON 1995)
n = 2, reversibility =⇒ permanence
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EXISTENCE OF EQUILIBRIA

REMARK

permanence on P =⇒ E+ ∩ P ̸= ∅

THEOREM (BB 2019)
WR =⇒ E+ ∩ P ̸= ∅ for all P
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EXTENSION OF WEAK REVERSIBILITY: ENDOTACTICITY

Def. of endotactic networks is by Craciun–Nazarov–Pantea (2013)
Def. of strongly endotactic networks is by Gopalkrishnan–Miller–Shiu (2014)

WR
ℓ = 1

WR
ℓ ≥ 2

endotactic

strongly
endotactic

WR weak reversibility
ℓ # connected components
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THE EXTENDED PERMANENCE CONJECTURE

endotactic network:
▶ 1D: either empty or has at least two source complexes and from the

extreme ones reactions point inwards
▶ nD: all 1D projections are endotactic

time-dependent rate “constants”:
∃ε ∈ (0,1) s.t. ε ≤ κij(τ) ≤ 1

ε for all τ ≥ 0 and for all (i , j) ∈ R

CONJECTURE (CRACIUN–NAZAROV–PANTEA 2013)
endotactic =⇒ permanence (even for time-dependent κ)

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 26 / 69



THE EXTENDED PERMANENCE CONJECTURE

endotactic network:
▶ 1D: either empty or has at least two source complexes and from the

extreme ones reactions point inwards
▶ nD: all 1D projections are endotactic

time-dependent rate “constants”:
∃ε ∈ (0,1) s.t. ε ≤ κij(τ) ≤ 1

ε for all τ ≥ 0 and for all (i , j) ∈ R

CONJECTURE (CRACIUN–NAZAROV–PANTEA 2013)
endotactic =⇒ permanence (even for time-dependent κ)

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 26 / 69



RESULTS ON PERSISTENCE/PERMANENCE

n = 2, reversible =⇒ permanence
Simon 1995

rankN = 2, WR =⇒ bounded trajectories are persistent
Pantea 2012

n = 2, endotactic =⇒ permanence (even for time-dependent κ)
Craciun–Nazarov–Pantea 2013

if the origin is repelling and all trajectories are bounded for all endotactic
mass-action systems then the persistence conjecture holds
Gopalkrishnan–Miller–Shiu 2013

strongly endotactic =⇒ permanence (even for time-dependent κ)
Gopalkrishnan–Miller–Shiu 2014, Anderson–Cappelletti–Kim–Nguyen 2020

WR, ℓ = 1 =⇒ permanence (even for time-dependent κ)
Gopalkrishnan–Miller–Shiu 2014, BB–Hofbauer 2019,
Anderson–Cappelletti–Kim–Nguyen 2020

n = 2, tropically endotactic =⇒ permanence (even for time-dependent κ)
Brunner–Craciun 2018
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THE BIG CONJECTURES

Extended Permanence
Conjecture

Permanence
Conjecture

Boundedness
Conjecture

Persistence
Conjecture

Existence of
Positive Equilibria

Theorem

Global Attractor
Conjecture
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MODELS THAT SHOW OSCILLATION

Sel’kov’s glycolytic oscillator

Belousov–Zhabotinsky reaction

mitogen-activated protein kinase (MAPK) cascade

dual-site phosphorylation and dephosphorylation network
(futile cycle)

sequential and distributive double phosphorylation cycle

phosphorylation and dephosphorylation of extracellular
signal-regulated kinase (ERK)

activation of lymphocyte-specific protein tyrosine kinase (Lck)

...
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CLASSICAL OSCILLATORS

Lotka 1920 Ivanova 197?
Frank-Kamenetsky
and Salnikov 1943

X 2X
X + Y 2Y

Y 0

Z + X 2X
X + Y 2Y
Y + Z 2Z

X 2X 3X
X + Y 2Y

Y 0

bimolecular bimolecular bimolecular-sourced

center center limit cycle
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MINIMUM RANK OF BIMOLECULAR OSCILLATORS

ẋ = N(κ ◦ xA)

DEFINITION

The rank of a reaction network is rankN.

THEOREM (PÓTA 1985, BB–HOFBAUER 2022)
bimolecular, isolated periodic orbit exists =⇒ rank ≥ 3

For the smallest oscillators, study
rank-three, bimolecular or
rank-two, bimolecular-sourced

networks.
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RANK-THREE, BIMOLECULAR OSCILLATORS

(SUPERCRITICAL ANDRONOV–HOPF BIFURCATION

⇒ STABLE LIMIT CYCLE)

ZYX

2X X + Z

Feinberg–Berner 1979

X

2X

Y Z

X + Z

0

Wilhelm–Heinrich 1995

X 2X

X + Z Y + Z

2Y Z

2Z 0

Wilhelm 2009

only 4 reactions!

GOAL

Find all three-species, four-reaction, bimolecular networks that admit
an Andronov–Hopf bifurcation. (Wilhelm’s network is one such.)
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SUBTLETY #1: LOSS OF EQUILIBRIUM

X 2X
X + Z 2Y
X + Y Z

Z 0

supercritical
Andronov–Hopf

ẋ = κ1x − κ2xz − κ3xy
ẏ = 2κ2xz − κ3xy
ż = −κ2xz + κ3xy − κ4z

X 2X
X + Z Y
X + Y Z

Z 0

no positive
equilibrium

ẋ = κ1x − κ2xz − κ3xy
ẏ = κ2xz − κ3xy
ż = −κ2xz + κ3xy − κ4z

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 33 / 69



SUBTLETY #2: LOSS OF BIFURCATION

X 2X
2X 2Y

Y 2Z
X + Z 0

supercritical
Andronov–Hopf
(even Bautin)

ẋ = κ1x − 2κ2x2 − κ4xz

ẏ = 2κ2x2 − κ3y
ż = 2κ3y − κ4xz

X 2X
2X 2Y

Y Z
X + Z 0

positive equilibrium
asymptotically stable
(no bifurcation at all)

ẋ = κ1x − 2κ2x2 − κ4xz

ẏ = 2κ2x2 − κ3y
ż = κ3y − κ4xz
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ANDRONOV–HOPF BIFURCATION IN 2D

[KUZNETSOV, SECTION 3.5]

THEOREM

ẋ = f (x , α), x ∈ R2, α ∈ R

Suppose
f (0, α) = 0 for sufficiently small |α|,
µ(α)± ω(α)i are the eigenvalues with µ(0) = 0 and ω(0) > 0.

Assume further
(transversality) µ′(0) ̸= 0,
(nondegeneracy) ℓ1(0) ̸= 0 (ℓ1 is the first focal value).

Then the system is locally topologically equivalent near the origin to

ṙ = r(β + σr2),

φ̇ = 1,
where σ = sgn(ℓ1(0)).
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ANALYSIS OF THE NORMAL FORM

supercritical
ℓ1(0) < 0

ṙ = r(β − r2)

φ̇ = 1

β < 0 β = 0 β > 0

subcritical
ℓ1(0) > 0

ṙ = r(β + r2)

φ̇ = 1

β < 0 β = 0 β > 0

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 36 / 69



SUPER- AND SUBCRITICAL HOPF BIFURCATIONS

[KUZNETSOV, SECTION 3.4]

β

ℓ1(0) < 0 : supercritical

stable limit cycle for β > 0
(a circle of radius

√
β)

β

ℓ1(0) > 0 : subcritical

unstable limit cycle for β < 0
(a circle of radius

√
−β)
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NAMES FOR ℓ1(0) IN THE LITERATURE

focal value

Lyapunov value

Lyapunov coefficient

Lyapunov constant

Lyapunov quantity

Poincaré–Lyapunov coefficient

Poincaré constant

Bautin constant

Strudelgröße

Fokusgröße
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ℓ1(0) IN 2D (WHEN THE JACOBIAN IS IN CANONICAL FORM)

ẋ = −ωy +
∑

i+j≥2

fij
i!j!

x iy j

ẏ = ωx +
∑

i+j≥2

gij

i!j!
x iy j

A =

[
0 −ω
ω 0

]

ℓ1(0) = f30 + f12 + g03 + g21

+
1
ω
[f11(f20 + f02)− g11(g20 + g02) + f02g02 − f20g20]
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ANDRONOV–HOPF BIFURCATION IN nD

[KUZNETSOV, SECTION 5.2]

ẋ = f (x , α), x ∈ Rn, α ∈ R

Suppose
f (0, α) = 0 for sufficiently small |α|,
µ(α)± ω(α)i are the eigenvalues with µ(0) = 0 and ω(0) > 0,
the other n − 2 eigenvalues have nonzero real part.

Then perform similar analysis on a 2d center manifold.

However, the computation of ℓ1(0) gets more complicated.
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ℓ1(0) IN 3D (WHEN THE JACOBIAN IS IN CANONICAL FORM)

ẋ = −ωy +
∑

i+j+k≥2

fijk
i!j!k !

x iy jzk

ẏ = ωx +
∑

i+j+k≥2

gijk

i!j!k !
x iy jzk

ż = ϱz +
∑

i+j+k≥2

hijk

i!j!k !
x iy jzk

A =

0 −ω 0
ω 0 0
0 0 ϱ



ℓ1(0) = f300 + f120 + g030 + g210

+
1
ω
[f110(f200 + f020)− g110(g200 + g020) + f020g020 − f200g200]

− h200

ϱ (ϱ2 + 4ω2)

[
(3ϱ2 + 8ω2)f101 − 2ϱωf011 − 2ϱωg101 + (ϱ2 + 8ω2)g011

]
− 2h110

ϱ2 + 4ω2 [2ωf101 + ϱf011 + ϱg101 − 2ωg011]

− h020

ϱ (ϱ2 + 4ω2)

[
(ϱ2 + 8ω2)f101 + 2ϱωf011 + 2ϱωg101 + (3ϱ2 + 8ω2)g011

]
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ℓ1(0) IN nD (A NEED NOT BE IN CANONICAL FORM)
Write

f (x ,0) = Ax + 1
2B(x , x) + 1

6C(x , x , x) + O(∥x∥4), where

Bj(x , y) =
∑n

k,l=1
∂2fj (ξ,0)
∂ξk∂ξl

∣∣∣∣
ξ=0

xk yl , Cj(x , y , z) =
∑n

k,l,m=1
∂3fj (ξ,0)

∂ξk∂ξl∂ξm

∣∣∣∣
ξ=0

xk ylzm

for j = 1, . . . ,n. Further, let p,q ∈ Cn be such that

Aq = ωiq,

A⊤p = −ωip,
⟨p,q⟩ = 1.

ℓ1(0) = 1
2ω Re⟨p, v⟩, where

v = C(q,q,q) + 2B
(

q, (−A)−1B(q,q)
)
+ B

(
q, (2ωi Id−A)−1B(q,q)

)
details: http://www.scholarpedia.org/article/Andronov-Hopf_bifurcation

(by Kuznetsov)
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THEOREM (BANAJI–BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A–H

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25
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THEOREM (BANAJI–BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A–H

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

Z + X 2X
X + Y 2Y
Y + Z 0 2Z

±ωi ∈ σ(A) ⇒ L1 = 0
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THEOREM (BANAJI–BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A–H

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

unstable equilibrium
stable limit cycle

or

stable equilibrium
unstable limit cycle
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THEOREM (BANAJI–BB 2023):
ALL 3-SPECIES, 4-REACTION, BIMOLECULAR ADMITTING A–H

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

Can two limit cycles coexist?
(codimension-two bifurcation)
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BAUTIN BIFURCATION IN 2D

[KUZNETSOV, SECTION 8.3]

THEOREM

ẋ = f (x , α), x ∈ R2, α ∈ R2

Suppose
f (0, α) = 0 for sufficiently small |α|,
µ(α)± ω(α)i are the eigenvalues with µ(0) = 0 and ω(0) > 0,
ℓ1(0) = 0.

Assume further
(transversality) α 7→ (µ(α), ℓ1(α))

⊤ is regular at α = 0,
(nondegeneracy) ℓ2(0) ̸= 0 (ℓ2 is the second focal value).

Then the system is locally topologically equivalent near the origin to

ṙ = r(β1 + β2r2 + σr4),

φ̇ = 1,
where σ = sgn(ℓ2(0)).
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ANALYSIS OF THE NORMAL FORM FOR ℓ2(0) < 0, β1 < 0

β1 < 0

β2 < 2
√

−β1

β1 < 0

β2 = 2
√

−β1

β1 < 0

β2 > 2
√

−β1

ℓ2(0) < 0

ṙ = r(β1 + β2r2 − r4)

φ̇ = 1
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BAUTIN BIFURCATION DIAGRAM (CASE ℓ2(0) < 0)
[KUZNETSOV, SECTION 8.3]
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ℓ2(0) IN 2D (QUADRATIC CASE)

ẋ = −y +
1
2
(f20x2 + 2f11xy + f02y2)

ẏ = x +
1
2
(g20x2 + 2g11xy + g02y2)

ℓ2(0) = 5f11f 3
02 + 5g02f 3

02 − 9f11f20f 2
02 − 14f20g02f 2

02 − 6f11g11f 2
02 − 11g02g11f 2

02

+ 5f20g20f 2
02 + 5g11g20f 2

02 − 24f 3
11f02 − 43g3

02f02 − 57f11f 2
20f02 − 133f11g2

02f02

− 32f11g2
11f02 − 6g02g2

11f02 − 5f11g2
20f02 − 5g02g2

20f02 − 114f 2
11g02f02 − 53f 2

20g02f02

− 84f11f20g11f02 − 54f20g02g11f02 − 22f 2
11g20f02 + 20f 2

20g20f02 − 20g2
02g20f02

+ 22g2
11g20f02 − 42f11g02g20f02 + 42f20g11g20f02 − 43f11f 3

20 + 6f20g3
02 + 24g02g3

11

− 5f20g3
20 − 5g11g3

20 − 53f11f20g2
02 − 32f11f20g2

11 + 86f20g02g2
11 + 11f11f20g2

20

+ 14f20g02g2
20 + 6f11g11g2

20 + 9g02g11g2
20 − 24f 3

11f20 − 6f 3
20g02 − 86f 2

11f20g02

+ 43g3
02g11 − 78f11f 2

20g11 + 78f11g2
02g11 + 32f 2

11g02g11 + 53f 2
20g02g11 + 43f 3

20g20

+ 24g3
11g20 + 53f20g2

02g20 + 114f20g2
11g20 + 6f 2

11f20g20 + 54f11f20g02g20

+ 32f 2
11g11g20 + 133f 2

20g11g20 + 57g2
02g11g20 + 84f11g02g11g20
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ℓ2(0) IN nD (QUADRATIC CASE)
f (x ,0) = Ax + 1

2 B(x , x) =⇒ ℓ2(0) = 1
12ω Re c2, where

c2 = ⟨p,2B(q,h31) + 3B(q,h22) + B(h20,h30) + 3B(h21,h20) + 6B(h11,h21)⟩
h20 = (2ωi Id−A)−1B(q,q)

h11 = −A−1B(q,q)

c1 = 1
2 ⟨p,2B(q,h11) + B(q,h20)⟩

h21 :

[
ωi Id−A q

p⊤ 0

] [
h21
s

]
=

[
2B(q,h11) + B(q,h20)− 2c1q

0

]
h30 = 3(3ωi Id−A)−1B(q,h20)

h31 = (2ωi Id−A)−1(3B(h20,h11) + B(q,h30) + 3B(q,h21)− 6c1h20)

h22 = −A−1(2B(h11,h11) + 2B(q,h21) + 2B(q,h21) + B(h20,h20))

(recall: ±ωi ∈ σ(A), Aq = ωiq, A⊤p = −ωip, ⟨p,q⟩ = 1)
details: http://www.scholarpedia.org/article/Bautin_bifurcation

(by Guckenheimer and Kuznetsov)
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THEOREM (BANAJI–BB 2023): SIGN OF ℓ2(0)

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

all 25: generic Bautin

23 of 25 : L2 < 0
stable equilibrium

unstable limit cycle
stable limit cycle

2 of 25 : L2 > 0
unstable equilibrium

stable limit cycle
unstable limit cycle
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degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

transversality
of the Bautin
fails for all six

for all six : L2 < 0
stable equilibrium

unstable limit cycle
stable limit cycle
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THEOREM (BANAJI–BB 2023): SIGN OF ℓ2(0)

degenerate A–H

supercritical A–H subcritical A–H

32 23

1

0

60
25

Z + X 2X
X + Y 2Y
Y + Z 0 2Z

±ωi ∈ σ(A) ⇒ L1 = L2 = 0
is it a center?
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VERTICAL ANDRONOV–HOPF BIFURCATION

[KUZNETSOV, SECTION 3.4]

β

supercritical A–H
ℓ1(0) < 0

stable limit cycle
when β > 0

β

vertical A–H
ℓk (0) = 0 for all k ≥ 1

continuum of periodic orbits
at β = 0

β

subcritical A–H
ℓ1(0) > 0

unstable limit cycle
when β < 0
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THE EXCEPTIONAL NETWORK SHOWS

A VERTICAL ANDRONOV–HOPF BIFURCATION

Z + X 2X

X + Y 2Y

Y + Z 0 2Z

κ1

κ2

κ3 κ4

κ1 = κ2 + κ3
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MULTISTABILITY:
A STABLE EQUILIBRIUM AND

A STABLE LIMIT CYCLE COEXIST

#23

X 2X
X + Z 2Y

Y Z

2Z 0

κ1

κ2

κ3

κ4

ẋ = κ1x − κ2xz
ẏ = 2κ2xz − κ3y

ż = −κ2xz + κ3y − 2κ4z2

κ1 = 7235
10000 , κ2 = 4

3 , κ3 = 1, κ4 = 1
2
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THE 86 NETWORKS THAT ADMIT NONDEGENERATE ANDRONOV–HOPF
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RANK-TWO, BIMOLECULAR-SOURCED OSCILLATORS

THEOREM (PÓTA 1985, BB–HOFBAUER 2022)
bimolecular, isolated periodic orbit exists =⇒ rank ≥ 3

Frank-Kamenetsky–Salnikov 1943
bimolecular-sourced

Andronov–Hopf

X 2X 3X
X + Y 2Y

Y 0

Papers on rank-two, bimolecular-sourced mass-action systems:
Banaji–BB–Hofbauer
Oscillations in three-reaction quadratic mass-action systems
Studies in Applied Mathematics, 2024

Banaji–BB–Hofbauer
Bifurcations in planar, quadratic mass-action networks
with few reactions and low molecularity
In preparation, 2024

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 54 / 69



RANK-TWO, BIMOLECULAR-SOURCED OSCILLATORS

THEOREM (PÓTA 1985, BB–HOFBAUER 2022)
bimolecular, isolated periodic orbit exists =⇒ rank ≥ 3

Frank-Kamenetsky–Salnikov 1943
bimolecular-sourced

Andronov–Hopf

X 2X 3X
X + Y 2Y

Y 0

Papers on rank-two, bimolecular-sourced mass-action systems:
Banaji–BB–Hofbauer
Oscillations in three-reaction quadratic mass-action systems
Studies in Applied Mathematics, 2024

Banaji–BB–Hofbauer
Bifurcations in planar, quadratic mass-action networks
with few reactions and low molecularity
In preparation, 2024

BALÁZS BOROS (UNI WIEN) DYNAMICS OF MASS-ACTION SYSTEMS PULA, JUNE 10, 2024 54 / 69



BOGDANOV–TAKENS BIFURCATION

[KUZNETSOV, CHAPTERS 3, 6, 8]

homoclinic Andronov–Hopf

fold (a.k.a. saddle-node) Bogdanov–Takens
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THE SMALLEST PLANAR, QUADRATIC NETWORKS

ADMITTING BOGDANOV–TAKENS BIFURCATION

supercritical B–T

1 2X → 3X X + Y → 2Y Y → 0 0 → Y
2 2X → 3X X + Y → 3Y Y → 0 0 → Y
3 2X → 3X X + Y → 2Y Y → 0 X → Y
4 2X → 3X X + Y → 3Y Y → 0 X → Y
5 2X → 3X X + Y → 2Y Y → 0 X → 2Y
6 2X → 3X X + Y → 3Y Y → 0 X → 2Y
7 2X → 3X X + Y → 2Y Y → 0 X → 3Y
8 2X → 3X X + Y → 3Y Y → 0 X → 3Y

vertical B–T 9 2X → 3X X + Y → 2X 0 → Y X → 0
10 2X → 3X X + Y → 3X 0 → Y X → 0

subcritical B–T

11 2X → 3X X + Y → 2X 0 → X + 2Y X → 0
12 2X → 3X X + Y → 3X 0 → X + 2Y X → 0
13 2X → 3X X + Y → 2X 0 → X + Y X → 0
14 2X → 3X X + Y → 3X 0 → X + Y X → 0
15 2X → 3X X + Y → 2X 0 → 2X + Y X → 0
16 2X → 3X X + Y → 3X 0 → 2X + Y X → 0
17 2X → 3X X + Y → X Y → X + 2Y X → Y
18 2X → 3X X + Y → X Y → X + 2Y X → 2Y
19 2X → 3X X + Y → X Y → X + 2Y X → 3Y
20 2X → 3X X + Y → 0 Y → 2X X → 2Y
21 2X → 3X X + Y → 0 Y → 3X X → 2Y
22 2X → 3X X + Y → 0 Y → X X → 3Y
23 2X → 3X X + Y → 0 Y → 2X X → 3Y
24 2X → 3X X + Y → 0 Y → 3X X → 3Y
25 2X → 3X X + Y → 0 Y → X X → X + Y
26 2X → 3X X + Y → 0 Y → 2X X → X + Y
27 2X → 3X X + Y → 0 Y → 3X X → X + Y
28 2X → 3X X + Y → Y 2Y → 0 X → 2X + Y
29 2X → 3X X + Y → Y 2Y → X X → 2X + Y
30 2X → 3X X + Y → Y 2Y → 2X X → 2X + Y
31 2X → 3X X + Y → Y 2Y → 3X X → 2X + Y
32 2X → 3X X + Y → Y 2Y → 2X + Y X → 2X + Y
33 2X → 3X X + Y → 2Y 2Y → 0 0 → X + 2Y
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VERTICAL BOGDANOV–TAKENS BIFURCATION

2X 3X

X + Y

X0

Y

κ1

κ2
κ3

κ4

bifurcation diagram phase portrait
(κ3, κ4 fixed) (4κ1κ4 < κ2

3 and κ1 = κ2)
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INHERITANCE RESULTS...

...infer dynamical behaviours in networks from subnetworks.

...give us a partial ordering on networks:
R ⪯ R′ if R′ inherits behaviours from R.

...justify the intensive study of small networks as motifs in larger,
real-world networks.
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ENLARGEMENTS

(NOT EXHAUSTIVE)

X Y

2X + Y 3X

X Y

2X + Y 3X

X + Y 2X

X Y

2X + Y 3X

X 0 Y X+Z Y

2X + Y 3X+Z

X+Z Y

2X + Y 3X

0 Z
X Y

2X + Y 3X

Y + Z W

X Z + W Y

2X + Y 3X

E1: dependent reaction

E2: fully open extension

E3: dependent species

E4: new species with flows

E5: new reversible reaction

E6: split reaction
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THE INHERITANCE THEOREM

E1 A new linearly dependent reaction.
E2 The fully open extension.
E3 A new linearly dependent species.
E4 A new species and its inflow-outflow.
E5 New reversible reactions involving new species.
E6 Splitting reactions.

THEOREM (BANAJI ET AL.)
E1–E6 preserve equilibria, periodic orbits, and bifurcations

PROOF

Apply regular (E1, E2, E3) or singular (E4, E5, E6) perturbation theory.
Very technical.
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PHOSPHORYLATION AND DEPHOSPHORYLATION OF

EXTRACELLULAR SIGNAL-REGULATED KINASE (ERK)
reduced ERK

S00 + E S00E S01E S11 + E

S01 + E S10 + E

S11 + F S11F S10F S00 + F

S10 + F S01 + F

full ERK
S00 + E S00E S01E S11 + E

S01 + E

S10 + E

S10E

S11 + F S11F S10F S00 + F

S10 + F

S01 + F

S01F

E1, E6

the full ERK inherits the oscillation that is present in the reduced ERK
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MITOGEN-ACTIVATED PROTEIN KINASE (MAPK)
CASCADE WITH NEGATIVE FEEDBACK

n = 24, m = 36, r = 17
(stable oscillation)

n = 8, m = 14, r = 8
(stable oscillation) E1, E3, E5, E6
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CODIMENSION-ONE BIFURCATIONS OF EQUILIBRIA

[KUZNETSOV, CHAPTER 3]

fold (a.k.a. saddle-node) Andronov–Hopf
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CODIMENSION-TWO BIFURCATIONS OF EQUILIBRIA

(IN SCALAR OR PLANAR ODES)
[KUZNETSOV, CHAPTER 8]

cusp (in 1d) cusp (in 2d)

Bautin Bogdanov–Takens
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THE HOMOGENISED BRUSSELATOR

BANAJI–BB–HOFBAUER 2022

X Y

2X + Y 3X

fold

X Y0

2X + Y 3X

Andronov–Hopf

X YZ

2X + Y 3X

fold
Andronov–Hopf
Bogdanov–Takens

(⇒ homoclinic)

Bautin
(⇒ fold of limit cycles)

X Y

Z

0

2X + Y 3X

fold
Andronov–Hopf
Bogdanov–Takens

(⇒ homoclinic)

Bautin
(⇒ fold of limit cycles)

E5

E3

E1, E2
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ANALYSIS OF LARGE NETWORKS:
THE LONG-TERM GOAL

build a directory of motifs/atoms:
classify small networks with certain behaviours

establish inheritance results:
infer behaviours in large network from subnetworks

develop algorithms:
find motifs/atoms of certain behaviours in a large network
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MY HOMEPAGE
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MY GITHUB
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COMPUTING THE FOCAL VALUES IN MATHEMATICA
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