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Sequences, types, populations

individual:

letter at site /:

types:

marginal types:

population:

sequence of nsites S = {1,...,n}
x; € X; (finite), 1 <i < n

Xi=(Xp,. ., %) €EXy X o x X, =1 X
X = (x ,),e/a =

p= (p(x))xex probability measure on X
p(x) = 0 proportion of individuals of type x € X

> p(x) =

xeX
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Recombining sequences

on the occasion of sexual reproduction:

offspring pieced together from (randomly chosen) pair (x,y) of
parents

]

L
Y

| s Yitls -5 Y |

replaces a randomly chosen individual in the population
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Recombining sequences

on the occasion of sexual reproduction:

offspring pieced together from (randomly chosen) pair (x,y) of
parents

xl,...,x.*,...,*,><j+1,...,xn| |*,---,*7X,'+]_7"'7X'*7"'7*|

. 7
T

X1, X2y« -+ Xn

replaces a randomly chosen individual in the population
‘x at site i = X
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Recombination equation

@ reco event defines a partition A of S into at most two parts
ex.. A= {{1,...,i,j+1,...,n},{i—|—1,...,j}}

o A= {S} =:1: offspring copies first parent

o A={A1, A}, A1, A # @, A1UA; = S: two parents

@ dynamics:
04 rate of recombination according to A, A € R»(S)

~> recombination equation:

pr(x) = Z Q.A[pt(XAl?*)pt(*?XAg)_pt(X)J? x e X.
AEPY(S)

equivalent to a reaction system (Miiller & Hofbauer 2016)

large, nonlinear ODE system
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Recombinators

@ canonical projection: for [ C S,
T X = XigXi =X, m(x) = (%)ier = X

e marginal measure wrt sites in /: for v € P(X),

.V =1V0 Wfl =%
type distribution of sites in /
for x, € X;: v!(x) = v(x;, %)
e recombinator: for A = {A1,...,An} € P(S),

P(X) — P(X)
Ruv) =vMe...@uvin
(RA(V))(X) = (X, %) - V(¥ Xa,)

distribution of sequences sampled from v and randomly pieced
together according to A
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Recombinators

Ru(p):=pM@...@ph for A={{1,3},{2,4}, {5}}:

Xy, %y X3,%, * *, Xo, %, Xy ,% *, ok, K, %, Xg

L J

|X13X27X37X4)X5

(generalised) recombination equation:

p: = Z QA(RA_]l)(pt)a

AER,(9)

still equivalent to a reaction system (Alberti 2021)
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Recombination and partitioning

Xqy %, Xg %, % *, Xo, %, Xg,% *, ok, K, %, Xg

L ¢ J

| X1, X2, X3, X4, Xs |

recombination forward in time = splitting up backward in time
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Partitioning process

t
Fi(/ﬂ ‘ 5 ={{1.4},{2,3}.{5}}
) T Yo ={{1,2,3,4,5}} =1

o (X)), >0 partitioning of genetic material of an individual
backward in time

@ ancestral recombination graph in law-of-large-numbers regime
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Partitioning process

marginal recombination rates:

= > o4 ©@#UCS BeP)

AeP(S)
Aly=B
/U\
—:I l:l B e P(U)
S "
e ———
[ B ESE S S
Y aens): Ay =By
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Partitioning process

t
== = ¥, =1{{1,4},{2,3},{5
] == | {{1,4},{2,3},{5}}
0 \fm Yo ={{1,2,3,4,5}}

(X7)r>0 Markov chain in continuous time with state space P(S)
present individual: Xy = {S} =1

at time 7 before the present: X. = B = {Bi,...Bn}

each B; corresponds to ancestor that contributed sites in B;

B;-individual splits up into b; at rate in", bj € Ro(Bi),
independently for all i
~~ transition from B to (B \ B;) Ub; < B

~ Markov generator Q = (QBC)B,CGP(S)
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Connecting the present and the past

Construction of type in present population (at time t):

t E—;/J;‘:I ‘ Zt = {{174}’ {273}’ {5}}
0 r Yy ={{1,2,3,4,5}}

© run (X)), (untyped, backward)
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Connecting the present and the past

Construction of type in present population (at time t):

X1 * k Xy * * % % % Xg * XpX3 * %k Et _ {{1’4}’{2,3}’{5}}
\T/J
———— Yo = {{1,2,3,4,5}}

© run (X)), (untyped, backward)

@ assign colours (parents) and letters (types)
If ¥ = A={A1,...,An}: draw letters at sites in A; from
pg"', independently for 1 <7 < m ~ type distribution R ,(py)
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Connecting the present and the past
Construction of type in present population (at time t):

0 xq %% Xxg% m iXQ—X‘?)E Et: {{174}?{273}’{5}}
xr/J

X1 * % X4 Xg5 * XoX3 * >k
- —— ——

\r/

aL2X3Xaxs 5o ={{1,2,3,4,5}}

© run (X)), (untyped, backward)

@ assign colours (parents) and letters (types)
If ¥y = A={A1,...,An}: draw letters at sites in A; from
pg"', independently for 1 <7 < m ~ type distribution R ,(p,)

© propagate colours and letters forward in time
~~ type distribution R 4(py)
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Connecting the present and the past

Construction of type in present population (at time t):

0 X1 ¥k Xk Xg % k Xk ok kX k XoX3 k X
S Nalala” Ral T = 2 ‘3 2, ={{1,4},{2,3},{5}}
\\T/J
X1 * % X4 Xg5 * XoX3 * >k
' SLRxaxs 5o ={{1,2,3,4,5}}
Theorem

pe= Y P(E = Al o =1) Ry(p)
AeP(S)

@ stochastic representation of a deterministic solution

@ nonlinear — linear !
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Solution of the recombination equation

semigroup:
(' g = P(Ze=C| X0 =B)
in particular:
a,(A) = ('), = P(X, =A| X, =1)
~> solution:

pe =) a(A)Ru(po)

AeP(S)
~ a,(A) for given Q ?
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Example: two parents, single breakpoint

04>0=A=A={{1,2,... .k}, {k+1,...,n}}
forsome 1l < k <n

~ X interval partition for all 7
(contiguous blocks, e.g. C = {{1,2},{3,4,5},{6,7}})

Theorem

a,(C) =0 if C is not an interval partition; otherwise,

aC) = JI -ew(-tes)) JI  ew(-ten,)

keG(C) Les\(G(C)u{n})

where G(C) is the set of breakpoints defining C.

(e.g.. G({{1,2},{3,4,5},{6,7}}) = {2,5})
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General partitions

at(.A)
e via recursions (Q triangular!); done

@ explicitly via combinatorial tools:
inclusion-exclusion, Mdbius inversion; nearly done

a¢(A) in terms of
r1U ::eXp<— Z tgg) Ucs
1£BeP(U)
ex.: S =1{1,2,3} ~
a({SY) = 17,
ac ({0}, {k}}) = A — 94,
a ({1142, (33)) =1 - 7" =™ = 2P 22
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Conclusion

@ nonlinear reco equation (=reaction system) forward in time
solved via linear Markov chain backward in time

o further reaction systems where this may work?
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