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Sequences, types, populations

individual: sequence of n sites S = {1, . . . , n}

letter at site i : xi ∈ Xi (finite), 1 6 i 6 n

types: x := (x1, . . . , xn) ∈ X1 × · · · × Xn =: X

marginal types: xI := (xi )i∈I , I ⊆ S

population: p =
(

p(x)
)

x∈X
probability measure on X

p(x) > 0 proportion of individuals of type x ∈ X
∑

x∈X

p(x) = 1
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Recombining sequences

on the occasion of sexual reproduction:

offspring pieced together from (randomly chosen) pair (x , y) of
parents

x1, x2, . . . , xn y1, y2, . . . , yn

x1, . . . , xi , yi+1, . . . , yj , xj+1, . . . , xn

replaces a randomly chosen individual in the population
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Recombining sequences

on the occasion of sexual reproduction:

offspring pieced together from (randomly chosen) pair (x , y) of
parents

x1, . . . , xi ,∗, . . . , ∗, xj+1, . . . , xn ∗, . . . , ∗, xi+1, . . . , xj ,∗, . . . , ∗

x1, x2, . . . , xn

replaces a randomly chosen individual in the population
‘∗ at site i ’ = Xi
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Recombination equation

reco event defines a partition A of S into at most two parts
ex.: A =

{

{1, . . . , i , j + 1, . . . , n}, {i + 1, . . . , j}
}

A = {S} =: 1: offspring copies first parent

A = {A1,A2}, A1,A2 6= ∅,A1∪̇A2 = S : two parents

dynamics:
̺A rate of recombination according to A, A ∈ P62(S)

 recombination equation:

ṗt (x) =
∑

A∈P2(S)

̺A
[

pt (xA1
, ∗) pt (∗, xA2

)− pt (x)
]

, x ∈ X .

equivalent to a reaction system (Müller & Hofbauer 2016)

large, nonlinear ODE system

Ellen Baake, Bielefeld University Recombination



Recombinators

canonical projection: for I ⊆ S ,

πI : X →×i∈IXi = XI , πI (x) = (xi )i∈I = xI

marginal measure wrt sites in I : for ν ∈ P(X ),

πI .ν = ν ◦ π−1
I =: ν I

type distribution of sites in I

for xI ∈ XI : ν I (xI ) = ν(xI , ∗)

recombinator: for A = {A1, . . . ,Am} ∈ P(S),

P(X ) −→ P(X )

RA(ν) := νA1 ⊗ . . .⊗ νAm

(

RA(ν)
)

(x) = ν(xA1
, ∗) · . . . · ν(∗, xAm

)

distribution of sequences sampled from ν and randomly pieced
together according to A
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Recombinators

RA(p) := pA1 ⊗ . . .⊗ pAm for A =
{

{1, 3}, {2, 4}, {5}
}

:

x1, ∗, x3,∗, ∗ ∗, x2, ∗, x4,∗ ∗, ∗, ∗, ∗, x5

x1, x2, x3, x4, x5

(generalised) recombination equation:

ṗt =
∑

A∈P
>2(S)

̺A
(

RA − 1

)

(pt),

still equivalent to a reaction system (Alberti 2021)
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Recombination and partitioning

x1, ∗, x3,∗, ∗ ∗, x2, ∗, x4,∗ ∗, ∗, ∗, ∗, x5

x1, x2, x3, x4, x5

recombination forward in time = splitting up backward in time
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Partitioning process

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

= 1

t

0

τ

(Στ )τ>0 partitioning of genetic material of an individual
backward in time

ancestral recombination graph in law-of-large-numbers regime
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Partitioning process

marginal recombination rates:

̺UB :=
∑

A∈P(S)
A|

U
=B

̺A, ∅ 6= U ⊆ S , B ∈ P(U)

B ∈ P(U)

{A ∈ P(S) : A|U = B}

S

U
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Partitioning process

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

t

0

τ

(Στ )τ>0 Markov chain in continuous time with state space P(S)

present individual: Σ0 = {S} = 1

at time τ before the present: Στ = B = {B1, . . .Bm}
each Bi corresponds to ancestor that contributed sites in Bi

Bi -individual splits up into bi at rate ̺
Bi

bi
, bi ∈ P>2(Bi ),

independently for all i

 transition from B to (B \ Bi ) ∪ bi ≺ B

 Markov generator Q = (QBC)B,C∈P(S)
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Connecting the present and the past

Construction of type in present population (at time t):

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

t

0

τ

1 run (Στ )τ>0 (untyped, backward)
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Connecting the present and the past

Construction of type in present population (at time t):

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

x1 ∗ ∗ x4 ∗ ∗ ∗ ∗ ∗ x5 ∗ x2x3 ∗ ∗

1 run (Στ )τ>0 (untyped, backward)

2 assign colours (parents) and letters (types)

If Σt = A = {A1, . . . ,Am}: draw letters at sites in Ai from
p
Ai

0 , independently for 1 6 i 6 m  type distribution RA(p0)
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Connecting the present and the past

Construction of type in present population (at time t):

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

t

0 x1 ∗ ∗ x4 ∗ ∗ ∗ ∗ ∗ x5 ∗ x2x3 ∗ ∗

x1 ∗ ∗ x4x5 ∗ x2x3 ∗ ∗

x1x2x3x4x5

1 run (Στ )τ>0 (untyped, backward)

2 assign colours (parents) and letters (types)

If Σt = A = {A1, . . . ,Am}: draw letters at sites in Ai from
p
Ai

0 , independently for 1 6 i 6 m  type distribution RA(p0)

3 propagate colours and letters forward in time
 type distribution RA(p0)
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Connecting the present and the past

Construction of type in present population (at time t):

Σt =
{

{1, 4}, {2, 3}, {5}
}

Σ0 =
{

{1, 2, 3, 4, 5}
}

t

0 x1 ∗ ∗ x4 ∗ ∗ ∗ ∗ ∗ x5 ∗ x2x3 ∗ ∗

x1 ∗ ∗ x4x5 ∗ x2x3 ∗ ∗

x1x2x3x4x5

Theorem
pt =

∑

A∈P(S)

P

(

Σt = A | Σ0 = 1
)

RA(p0)

stochastic representation of a deterministic solution

nonlinear −→ linear !
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Solution of the recombination equation

semigroup:
(

e
tQ

)

BC
= P

(

Σt = C | Σ0 = B
)

in particular:

at (A) =
(

e
tQ

)

1A
= P

(

Σt = A | Σ0 = 1
)

 solution:
pt =

∑

A∈P(S)

at (A)RA(p0)

 at (A) for given Q ?
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Example: two parents, single breakpoint

̺A > 0 ⇒ A = Ak =
{

{1, 2, . . . , k}, {k + 1, . . . , n}
}

for some 1 ≤ k < n

 Στ interval partition for all τ
(contiguous blocks, e.g. C =

{

{1, 2}, {3, 4, 5}, {6, 7}
}

)

Theorem

at(C) = 0 if C is not an interval partition; otherwise,

at(C) =
∏

k∈G(C)

(

1− exp(−t̺Ak
)
)

∏

ℓ∈S\(G(C)∪{n})

exp(−t̺Aℓ
),

where G (C) is the set of breakpoints defining C.

(e.g., G
({

{1, 2}, {3, 4, 5}, {6, 7}
})

= {2, 5})
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General partitions

at(A)

via recursions (Q triangular!); done

explicitly via combinatorial tools:
inclusion-exclusion, Möbius inversion; nearly done

at(A) in terms of

rU1 := exp
(

−
∑

16=B∈P(U)

t̺UB

)

, U ⊆ S

ex.: S = {1, 2, 3} 

at({S}) = rS1 ,

at
({

{i , j}, {k}
})

= r
{i ,j}
1 − r

{i ,j ,k}
1 ,

at
({

{1}, {2}, {3}
})

= 1− r
{1,2}
1 − r

{1,3}
1 − r

{2,3}
1 + 2r

{1,2,3}
1 .
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Conclusion

nonlinear reco equation (=reaction system) forward in time
solved via linear Markov chain backward in time

further reaction systems where this may work?
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