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The evolution of the concentrations of the species over time is
modeled by the ODE system:

X = Nov,(x). (1)

We denote the steady state variety by

V. ={x € R, | Nv.(x) = 0}.

The ODE system (1) is forward invariant on stoichiometric
compatibility classes

Pe={xeR%; | Wx=c},

where ¢ € R, W € R¥*" js a fullrank matrix such that WN = 0.
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RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

X1 = I€3X%X2 — K1X1 + K2Xp W= (1 1)

: 2
X2 = —K3X1X2 + K1X1 — KaX2 X1+X =c
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THE PARAMETER REGION OF MULTISTATIONARITY

A parameter pair (x,c) enables multistationarity, if the intersection of
V. and P, contains at least two positive points.

We call the set of all parameter pairs that enable multistationarity the
parameter region of multistationarity.

Q= {(k,c) € RLy x RY | #(V,, NP, NRLy) > 2}
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DISCRIMINANTS

X2+ bx+c =0, (b,c) € R?

c
b2 —+4c<0

(o4

0 positive real solution
0 real solution

2 —4c=0
2 pos. real sol. 0 pos. real sol.
b b
2 real solutions 1 positive r

eal solution

b2 —+4¢>0
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CYLINDRICAL ALGREBRAIC DECOMPOSITION

There exists an algorithm that decomposes the parameter space into
cells such that the number of positive real solutions is constant within
each cell.

An implementation can be found in the Maple package Parametric.

/‘C3X%X2 — K1X1 + KpXp = O, X1+Xxp=¢
There is only one cell with at least two positive solutions. This cell is
given by the inequalities

kp >0, kK3>0, K1 >8ky, & <c<&y,
where &3, &4 denote the 3rd and 4th root of the polynomial

404112,%% — C2I€%Ii3 — 20c2/£1 Koka + 8C2KJ%I€3 + 4&% + 12&%52 + 12K Ii% + 4/»4;%.



CYLINDRICAL ALGREBRAIC DECOMPOSITION

There exists an algorithm that decomposes the parameter space into
cells such that the number of positive real solutions is constant within
each cell.

2
K3X1X2 — K1X1 + KpXp = 0, X1+ X2 =¢

#
Ty
N

1 2 3 4 5 6 7 8 9
Ty

kp=1, K3=1 K1 >8, &E<c<& 9
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CYLINDRICAL ALGREBRAIC DECOMPOSITION

The CAD algorithm has double exponential complexity
22 =4, 27 =16, 2¥ =256, 2% =65536, 2% = 4294967296

22" = 264 ~, 1.84 x 10 is much larger than the number of sand grains
on the beach...
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Is the CAD algorithm useless? No!

s+E”;1\SEﬁ>sp+EéspE&>spp+E

2

spp+F sppF % S F =26, +F S, +F 2 G, F* “ SF G4 F
K11 K13 K16

= [S],xp = [Spl, x3 = [Sppl, x4 = [E], x5 = [F], x¢ = [SE], x7 = [SpE], xg = [SppF], xg = [SpF],

x19 = [SpF*], 217 = [SF].

[Markevich, Hoek, Kholodenko, '04] "



CYLINDRICAL ALGREBRAIC DECOMPOSITION

Is the CAD algorithm useless? No!

S+E+2SE s, + E—\SPE % Spp + E

K2
Spp + F 22 s F2 SF=>S, +F S, +Fe2SF “4SF G F
pp + pp p p + p + p
K11 “13 K16
= [S],xp = [Spl, x3 = [Sppl, x4 = [E], x5 = [F], x¢ = [SE], x7 = [SpE], xg = [SppF], xg = [SpF],
x19 = [SpF*], 217 = [SF].

X1 = K2Xe + K15X11 — K1X1X4 — K16X1X5 X3 = KeX7 + KgXg — K7X3X5
Xy = K3Xe + K5X7 + K10X9 + K13X10 — X2X5(K11 + K12) — KaX2Xy

Yy = X6 (k2 + K3) + x7(K5 + Ke) — K1X1X4 — KaXoXy

X5 = KgXg + K10X9 + K13X10 + F15X11 — X2X5(K11 + K12) — K7X3X5 — K16X1X5

Yo = k1X1Xg — Xe(k2 + K3), X7 = KaXoXy — X7(K5 + Ke)
Xg = K7x3X5 — Xg(Kg + K9), X9 = KoXg — K10%9 + K11X2X5
X10 = K12X2X5 — X10(R13 + K14), X11 = K14X10 — K15X11 + K16X1X5

X5+ xg + X9 + X10 + X11 = K17, X4 + X6 + X7 = K18
X1+ X2 + X3 + X + X7 + Xg + X9 + X10 + X11 = K19.
[Markevich, Hoek, Kholodenko, '04] "



CYLINDRICAL ALGREBRAIC DECOMPOSITION

ki =0.02, ky = 1, k3 = 0.01, kg = 0.082, k5 = 1, kg = 15, ky = 0.045, kg = 1, kg = 0.092, kg = 1, kqq = 0.01,
r1p = 0.01, ky3 = 1, k1g = 0.5, ny5 = 0.086, ryg = 0.0011, kqg = 50
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ki =0.02, ky = 1, k3 = 0.01, kg = 0.082, k5 = 1, kg = 15, ky = 0.045, kg = 1, kg = 0.092, kg = 1, kqq = 0.01,
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NUMERICAL METHODS - MACHINE LEARNING

[Bernal, Hauenstein, Mehta, Regan, Tang, Machine learning the real discriminant locus, '22]

Visual representation of the sampling scheme where the star is a uniform random sample point,
circles are points on the boundary, triangles are midpoints, and diamonds are near boundary points.
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NUMERICAL METHODS - MACHINE LEARNING

[Bernal, Hauenstein, Mehta, Regan, Tang, Machine learning the real discriminant locus, '22]

Visual representation of the sampling scheme where the star is a uniform random sample point,
circles are points on the boundary, triangles are midpoints, and diamonds are near boundary points.
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(a) (b) (©)
(a) Uniform random sampled data, (b) near boundary data, and (c) decision boundary from neural
network trained on data from (b) for f(x; b, ¢) = x* 4 bx + c. The blue region has 2 real solutions
while the gold and red regions have 0 real solutions. 14



NUMERICAL METHODS - MACHINE LEARNING

[Bernal, Hauenstein, Mehta, Regan, Tang, Machine learning the real discriminant locus, '22]
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(a) Uniform random sampled data, (b) near boundary data near the cusp, and (c) decision
boundary from neural network trained on data from (b) for f(x; b, ¢) = x* + bx + c. The blue region
has 3 real solutions while the gold and red regions have 1 real solution.



NUMERICAL METHODS - MACHINE LEARNING

[Bernal, Hauenstein, Mehta, Regan, Tang, Machine learning the real discriminant locus, '22]
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(a) (b) ()
(a) Uniform random sampled data, (b) near boundary data near the cusp, and (c) decision
boundary from neural network trained on data from (b) for f(x; b, ¢) = x* + bx + c. The blue region
has 3 real solutions while the gold and red regions have 1 real solution.

[Harrington, Mehta, Byrne, Hauenstein, Decomposing the parameter space of biological networks
via a numerical discriminant approach, '20]



NUMERICAL METHODS - KAC-RICE FORMULAS

[Feliu, Sadeghimanesh, Kac-Rice formulas and the number of solutions of parametrized systems of
polynomial equations, '22]
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NUMERICAL METHODS - KAC-RICE FORMULAS

[Feliu, Sadeghimanesh, Kac-Rice formulas and the number of solutions of parametrized systems of
polynomial equations, '22]
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[Feliu, Sadeghimanesh, Kac-Rice formulas and the number of solutions of parametrized systems of
polynomial equations, '22]

K1 K2 K3 K4
X — X = X3 — Xy X3+ X5 — X1 + X
K6 K5
X — X5 Xy + X5 — Xp + Xe.
KaX3Xs — Kk1x1 = 0, K5X4X5 + K1x1 — KXy = 0,
—K4X3X5 + KoX2 — k3Xx3 = 0, —K4X3X5 — K5X4X5 + KeXe = 0,
x1+x24+x3+x4—T1 =0, x5 +x6 — T2 = 0.
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" (b) Expected number of
(a) CAD decomposition solutions

(K1, ..., r6) = (0.7329,100,73.29, 50, 100, 5) 16



NUMERICAL METHODS - KAC-RICE FORMULAS

[Feliu, Sadeghimanesh, Kac-Rice formulas and the number of solutions of parametrized systems of
polynomial equations, '22]

G 2] =3 g
X — X = X3 — Xy X3+ X5 — X1 + X
&3 =3
X — X5 Xy + X5 — Xp + Xe.
KaX3Xxs — k1x; =0, K5X4X5 + K1X1 — KXz = 0,
— R4X3X5 + KoXy — Kax3 = 0, —R4X3X5 — K5X4X5 + KeXe = 0,
x1+x24+x3+x4—T1 =0, x5 +x6 — T2 = 0.

T2 2 2
| 1.5
|| ‘
1 2 3 4 s 7 T V ’ T ' )
7 b 1 1
! " (b) Expected number of (c) Expected number of
(a) CAD decomposition solutions solutions

(K1, ..., r6) = (0.7329,100,73.29, 50, 100, 5) 16
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2 2 2
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For fixed x € R2 , by solving the second equation for x,, one obtains
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PARAMETRIZATIONS - RUNNING EXAMPLE

2 2 2
V.= {X E R>O ‘ —K1X1 + KaXp + K3X1Xp = 0, K1x1 — KoXp — K3X1X2 = O}

For fixed x € R2 , by solving the second equation for x,, one obtains

the parametrization

Ryo = Vi, x1 0 (31, NS';%fﬁm)
Substituting into the conservation law equation x; + x, = ¢, one gets

K1X1 —
X =C
1 + K,gX%-‘er

3 2
K3X] — kX + (K2 + K1)x1 — koc =0

Positive roots if this univariate polynomial correspond one-to-one to
positive steady states.
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PARAMETRIZATION OF THE STEADY STATE VARIETY

There are several relevant reaction networks whose steady state
variety admits a parametrization

+ [The rational parameterisation theorem for multisite
Post-Translational Modification systems, Thomson,
Gunawardena, '09]

[Variable elimination in Post-Translational Modification reaction

networks with mass-action kinetics, Feliu, Wiuf, ’13]

* [The structure of MESSI biological systems, Pérez Millan,
Dickenstein, ’18]

* [Chemical reaction systems with toric steady states, Pérez
Millan, Dickenstein, Shiu, Conradi, 12.]

» [Detecting and precluding toricity in reaction network theory,

Henriksson, Feliu 24+]
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IV. The critical polynomial
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CRITICAL FUNCTION

* Let M,.(x) be the matrix obtained from the Jacobian J;(x, x)
of f..(x):= Nu,(x) by replacing some (specific) rows by the rows
of W.

21



”KEY THEOREM”

Theorem [Conradi, Feliu, Mincheva, Wiuf, *19]

Let c € R? such that P. NR”, # () and let s = (N).

Furthermore, assume that

(I) The reaction network is dissipative.
(I There are no boundary steady states in P..

Then the following holds

22



”KEY THEOREM”

Theorem [Conradi, Feliu, Mincheva, Wiuf, *19]

Let c € R? such that P. NR”, # () and let s = (N).

Furthermore, assume that

(I) The reaction network is dissipative.
(Il There are no boundary steady states in P..

Then the following holds

(A) If (=1)°det(M(x)) < 0for some x € V. N P. NRL, then the

parameter pair (x, c) enables multistationarity i.e. (x,c) € Q.

22



”KEY THEOREM”

Theorem [Conradi, Feliu, Mincheva, Wiuf, *19]

Let c € R? such that P. NR”, # () and let s = (N).
Furthermore, assume that

(I) The reaction network is dissipative.

(Il) There are no boundary steady states in P..
Then the following holds

x)) < 0 for some x € V., NP, NRY, then the
k,c) enables multistationarity i.e. (x,c) € Q.
x)) > 0forall x € V, nP. NRY, then the
k,c) does not enable multistationarity i.e.

(A) If (—1)° det(M,
parameter pair
(B) If (—1)° det(M,
parameter pair

(k,c) ¢ Q.

—

P

22



RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—1)S det(M,;(x)) = f€3X% — 2K3X1X2 + K1 + K2
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RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—=1)% det(M,.(x)) = K33 — 2K3x1%0 + K1 + Ko
(—1)° det(M,(x*)) < 0 for x = (18,1,10) and x* ~ (0.25,2.75)
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RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—=1)% det(M,.(x)) = K33 — 2K3x1%0 + K1 + Ko
(—1)° det(M,.(x*)) < 0 for x = (18,1, 10) and x* ~ (0.25,2.75)
since Wx* = 3, ((18,1,10),3) € Q by the key theorem

23




RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—=1)% det(M,.(x)) = K33 — 2K3x1%0 + K1 + Ko

(—1)*det(M,(x)) < 0 for k = (1,1,1),x = (1,2),

24




RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—=1)% det(M,.(x)) = K33 — 2K3x1%0 + K1 + Ko

(—1)° det(M(x)) < O for x = (1,1,1),x = (1,2), but ((1,1,1),3) ¢ O

24




RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

(—=1)% det(M,.(x)) = K33 — 2K3x1%0 + K1 + Ko

(—1)° det(M,(x)) < 0for x = (1,1,1),x = (1,2), but ((1,1,1),3) ¢

no contradiction, since (1,2) ¢ V(11 1

24




RUNNING EXAMPLE

Evaluating det(M,(x)) at (x1,x2) = (x1, —=1—), we get

’ f{g,‘(%ﬂ*h’,z

4 2
H%X]l+(2f€,2h',3fﬂlH3),\‘I+H,|."\'erf{% (2)
H3X%+H2 )
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RUNNING EXAMPLE

Evaluating det(M,(x)) at (x1,x2) = (x1, —=3—), we get

I{3X%+I€2

4 2
H%X]l+(2f€,2h',3fﬂlH3),\‘I+H,|."\'erf{% (2)
H3X%+H2 )

which takes negative values if and only if

0 < (—2KaK3 + K]H'g,)z — 4ﬁ;§(mﬁ:z + h%) = (k1 — 8#&2)#&'1/‘(%.
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RUNNING EXAMPLE

Evaluating det(M,(x)) at (x1,x2) = (x1, —=3—), we get

I{3X%+I€2

4 2
r;%xf+(2f&2h',37mf;3)x1+h',|H2+H§ (2)
H3X%+H2 )

which takes negative values if and only if
0 < (—2kpk3 + K1ka)? — 4k3(k1ko 4 K3) = (K1 — 8kp)K1KA.

Thus, (2) is negative for some x; > 0 if and only if x; > 8xo.
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RUNNING EXAMPLE

Evaluating det(M,(x)) at (x1,x2) = (x1, —=3—), we get

I{3X%+I€2

4 2
H%X]l+(2f€,2h',3fﬂlH3),\‘I+H,|."\'erf{% (2)
H3X%+H2 )

which takes negative values if and only if
0 < (—2kpk3 + K1ka)? — 4k3(k1ko 4 K3) = (K1 — 8kp)K1KA.

Thus, (2) is negative for some x; > 0 if and only if 1 > 8ko.

The projection of the parameter region of multistationarity onto the
parameters (rk1, ko, k3) iS given by the inequality 1 > 8xo.
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RUNNING EXAMPLE

Evaluating det(M,(x)) at (x1,x2) = (x1, —=3—), we get

I{3X%+I€2

4 2
H%Xll+(2f€2h',3fﬂlH3),\‘I+H,|I‘\'erH% (2)
H3X%+H2 )

which takes negative values if and only if
0 < (—2kpk3 + K1ka)? — 4k3(k1ko 4 K3) = (K1 — 8kp)K1KA.

Thus, (2) is negative for some x; > 0 if and only if 1 > 8ko.

The projection of the parameter region of multistationarity onto the
parameters (rk1, ko, k3) iS given by the inequality 1 > 8xo.

This is the same region as we computed using Cylindrical Algebraic
Decomposition!

25
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|. Steady state equations
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IS THE PARAMETER REGION OF MULTISTATIONARITY CONNECTED?
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IS THE PARAMETER REGION OF MULTISTATIONARITY CONNECTED?

s
14 .
13 4
12
s
11
r
K 2
1
10{ )
9
|
8
7. .
v j 3 3 3
56 7 8 3 10 r
(& 1
s
) soe o
-
o
1.5x10%
o
0 _—
-
s ww o
s ”
o
" a Lot
p s
o
o .
B B TR R B o o e W o 2o 1m0 w00 o0
& i ur s

27



CRITERION FOR CONNECTIVITY

Theorem [Feliu, T., ’23]
For a dissipative reaction network without relevant boundary steady
states, there exists a polynomial

7: R, xRy — R

such that if g~ (R) is connected and its closure equals g (R<o),
then the parameter region of multistationarity is connected.

28



RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

q(//l )\) =M — M + oM+ o)

29



RUNNING EXAMPLE

X1 ==X,  2X +X 23X

K2

gh, A) = hido — hidi + ot + ho)o

One can check that g~ (R.o) is path connected and its closure
equals g7 !(R<p). So we can conclude that the parameter region of
multistationarity is connected.

14
13
12

11
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2-SITE PHOSPHORYLATION SYSTEM

30



2-SITE PHOSPHORYLATION SYSTEM

Example: 2-site phosphorylation system

So/'\%sz

So+E E80—>S1+E ES1 - S, +E

K2 K8

S, +F—=XFS, M5, + F=2FS; 25 Sy +F

k11 K5

30



2-SITE PHOSPHORYLATION SYSTEM

So+E ESO—>51+E ES1—>52+E

K2 Kg
Sy +F =2 FS, M3 6 + F =2 FS; °% Sy + F
K11 K5
. Is g~ }(R~o) connected?

g(h, ) = —XoM A As Aadshohihohshehy — A3 A3 AaXshohihahshehy —
)\1)\%>\3)\4)\5h0h1h2h3h6h7 — )\%)\3)\4)\5}10}11]’12}13}161’17 —

AoA1 )\2)\3/\%h0h1h2h3h6h7 — >\O>\%)\3>\%h0hlh2h3h6h7 —

A1 )\%/\3 /\éhohl h2h3h6h7 — /\%)\3)\§hoh1h2h3h(,h7 — A1 /\2)\4)\§h0h1h2h3h6h7 —
)\0)\%)\4)\%]10]’[1}12]’13]’16]’17 — )\1)\%)\4>\§h0h1h2h3h6h7 — )\%)\4)\%h0h1h2h3h6h7 —

AoA1 )\2)\2}10]’11]’12}13]’16]’17 — )\0)\%)\%]’101’11}12]’131’16;17 -\ /\%)\ghohll’lzhg,hél’w —
)\%)\ghohll’lgh3h6h7 — /\0/\1)\2)\3>\4)\5h0h1h2h4h6h7 —

)\0)\%)\3)\4A5h0h1h2h4h6h7 -\ )\%)\3)\4)\5h0h1h2h4h6h7 —

)\%)\3)\4)\5}10}11]’12}14}16]’17 — Ao )\2)\3)\%h0h1h2h4h6h7 —

)\O)\%)\3>\%h0h1h2h4h6h7 -\ )\%)\3)\%]10}11}12]’14]’16}17 — /\%/\3)\%]/10}11]’12]’14}16]’17 31



— oA A Mg AZhghyhghyhghy — Xg A3 Ay NZhohyhahyhghy — My N3 Xg NEhohy hohyhghy — N3 Xg NEhohy hphyhghy —

Xo A1 A Ahohyhahyhghy — Xg A3 NEhohyhahyhghy — Xy M3 X3hohyhohghighy — X3 AEhohyholighgly —

oA A2 A3 Ag Aslighy haliglighy — Mg A3 A3 xg Ashohyhghyhghy — M A3 X3 Mg Asholyhghyhghy — A3 X33 Ashohy hghyhghy —
No A1 A A3 AZhohy hhighgly — Mo A3 A3 NEhohyhghylighy — Xy A3 X3 AEhohyhhghghy — M3 N3 \Ehghyhghyhghy —

Xo A1 Ao Ag AZhohy hlighgly — Mo A3y NBhohyhghylighy — Xy A3 Xy AEhohyhhyhghy — M3 XgAEhghyhghyhghy —

No A1 A AZhohyhghyhghy — Xg N3 NEhohyhghyhghy — Xy M3 X3hohyhghylighy — X3 AZhohy halighghy —

oA A2 A3 g Aslighahizlighghy — Mg A A3 AgAshohalighyhghy — M\ A3 X3 Mg Asholphizhahgly — A3 X3 Mg Ashghphzhyhgly —
oA A A3 ABholiphzhylighy — Mg A3 X3 NBhghahslighghy — M A3 A3 AEhgholighyhgly — X3 A3 AZhohohyhyhgly —

oA A Mg ABholiphzhyhghy — Mg A3 Xy NBhghahzlghghy — M A3 AgAEhgholighyhgly — X3 AgAZhohohzhyhgly —

oA A ARhgholighyhgly — XgAEABhghphzhyhghy — A AN hohohshylghy — A3 ABhohyhzhyhghy —

oA A2 Ag g Aslyhahlighghy — Mg A A3 AgAshyholighyhghy — M A3 X3 Mg Ashyhphghyhghy — A3 X3 Mg Ashy hphghyhgly —
oA A A ABhyiphzhylighy — Mg A3 N3 NEhyhahshghghy — Ny N3 A3 AEh holighyhgly — A3 A3 A2k hphghyhgly —

oA A Mg ABhy liphghylighy — Mg A3 Ny AEhyhohzhghghy — Ny N3 AgAER holighyhgly — A3 Ay AZhy hphghyhgly —

oA A ARhy hahghyhgly — XgNEARhyhphghhghy — Mp MENBhyhohshylighy — A3 NRhyhphghyhghy +

oA A2 A3 g Aslyhiahshishghy + Mg A A3 g Ashyhahghshghy + A A3 X3 Mg Ashyholighshgly + A3 X3 Ag Ashyhalizhshgly +
oA A Mg AZhyliphhslighy + Ao A3 A3 A2 hohghshgly + A A3 X3 N2y hohshshghy + X3 A3 A2hyhphhshghy +

oA A Mg AZhyiphahslighy + Ao A3 Mg A2 hohghshghy + A A3 g Ay hohahshghy + X3 Ay A2hyhphhshghy +

oA A ARhy hylighshgly + Mg A3 Ay hohshshghy + Ny A3k halighshgly + A3 AZhy hphghshgly —

XA A2 A3 Ay Aslyhighyhishghy — Mg A3 A3 XgAshyhshyhshghy — M A3 X3 Mg Ashyhalyhshghy — A3 X3 Mg Ashy hghyhshgly —
oA A A3 AZhyighyhslighy — Mg A3 N3 AEhyhahyhshghy — My N3 A3 AEh hahyhshgly — X3 A3 AZhy hghyhshgly —

oA Mg Mg AZhyighyhshighy — Mg A3 g NEhyhahyhshghy — My N3 AgAEh hghyhshgly — A3 Ny AZhy hghyhshgly —

oA M AR hghghshgly — Xg N3 AZhyhghyhshgly — My N3 AShyhghyhshghy — A3 NZhyhghyhshghy +

AoA A2 A3 Ag Asliphizhylishghy + Mg A3 A3 g Ashahshyhshghy + M A3 X3 Mg Ashahalyhshgly + A3 X3 xg Ashahslyhshgly +
oA A A3 AZholighyhslighy + AgA3 A3 AZhohalyhshgly + A A3 X3 ABhohshyhshghy + X33 AZhahzhyhshghy +

oA A Mg AZholighyhslighy + AgA3AgAEhahslyhshgly + My A3 Xy NElphghyhshghy

32



+ A3 Mg AZhplighyhshighy + AoA A ABhahslyhshely + Mg A3 AShphzhyhshghy + Xy A3 AEhyhalyhshely +

A3 AEphzhyhishghy + oA Mg A3 XgAshohyhahghshg + Xg A A3 Xg Ashohy hphighshg + Xy A3 A3 g Aslohy halighshs +

A3 X3 Mg Ashohyhphshsiig + Mg A Mg Az AZhohyhphghsig + Mg A3 A3 NEhghy halighshs + Xy A3 A3 AZhghy hohlishg +

A3 X3 AEhghy hphghshg + Mg Ay Ap g AEhghyhohghshg + Mg A XAy NBhghyhalishishg + Xy X3 Ay AZhghy hohshishg +

A3 Xg AEighy yhghshg + oA Mg AZhgly hahshishg + Mg AF N2 hgly hahslish + Ay A3 NBhohy hahglishg -+ A A2hghy hohslishg +
oA A2 Az g Aslighy halighishg + Mg A3 A3 Xg Ashohyhphghshg + A A3 X3 3g Ashohylphyhshg + A3 X3 xg Ashohy hphyhshg +
AoA Mg Ag AZhgly hahylishg + Ao A3 Mg AZhohy hghyhshg + Ay A3 X3 \Zhohy hylyhshg + X3 A3 AZhghy hohyhshg +

oA Mg Mg AZhgly hahylishg + Mg A3 Mg AZhohy hghyhshg + Ay A3 g XEhohy hylyhshg + X3\ g AZhohy hohyhshg +

oA A ARhghy lyhyhshg + Mg A3 AShghy hahyhshg + Ny A3 NEhohy hghyhshg + X3 AZhohy hyhyhshg +

AoA A2 A3 Ag Aslighy halighshg + Mg A3 A3 g Ashohy hahghshg + A A3 X3 3g Ashohyhighghshg + A3 X3 xg Ashohy hghyhshg +
oA Mg A3 AZhghy hahylishg + Mg A3 N3 AZhohy hghyhshg + Ay A3 X3 XZhohy hahyhshg + X3 A3 AZhghy hahyhshg +

oA Mg A g AZhghy hahylishg + Mg A3 Mg AZhohy hghyhshg + Ay A3 g XBhohy hahyhshg + X3\ AZhohy hahyhshg +

Xo A1 Ao Ay highyhshg + Mo A3 AZhohyhahghsig + X M AShohy hghyhshg + X3 A3hohhahghshg +

A0A A2 A3 Mg Aslighahslighshg + Mg A3 A3 g Ashohalizhyhshg + A A3 A3 3g Ashoholizhyhslig + A3 X3 7g Ashohylizhyhsig +
Xg A1 Ao A3 AZhghahshghshy + Xg A3 X3 AZhghohslighshg + A A3 X3 NEhghohghyhishg + A3 X3 AZhghyhslighshg +

Xg A1 Ao Ag ABhohahshghshg + Xg A3 g AZhghohslighshg + A A3 Xy NEhohohghyhishg + A3 Xy AZhghohslighshg +

Xo A1 Ao AEhghohishyhshg + Mo A3AZhohohshyhshg + X M AShghohghyhshs + X3 AZhghohahyhshg +

oA A2 A3 g Aslyhiahizlighishg + Mg A A3 g Ashyhohhghshg + Aj A3 A3 Mg Ashyholighghshg + A3 X3 Ag Ashy hlighyhshg +
AoA A A Ay iphahylishs + Ao A3 A3 AZhy hphghyhshg + A A3 X3 Ay hohhyhshg + A3 A AZhyhphghyhishg +

AoA A Mg Ay liphghylishs + Ao A3 Mg AZhy hphghyhshg + A A3 Xg Ay hohhyhshg + X3 Ay A2hyhphghyhshg +

Ao A A ARhy hplighyhshig + Mg A3 A3y hohshyhshs + Ny A3AEh holighyhshg + A3 AZhy hphghyhshg +

AoA A A3 g Aslighahyhishghs + g A3 A3 g Nslighahylishehs + Xy X3 A3 A g Nslghahyhshghs + A3 X3 Mg Asholphyhshighs
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+ X1 Ao X3 NElghahyhshghs + Mg Mg A3 NBhghohyhshghg + A A3 A3 AZhghohyhshghy + A3 A3 X2hghghyhshehs +

oA A A g AZhglphyhslighs + AgA3 Mg AZhgholyhshghy + Ay A3 g X2hohahyhshghs + X3\ A2hglyhyhshghs +

Xo A1 A AEhghohghshghg + Mo A3AZhohohahshghg + X M3 AShghahyhshehs + X3 AZhohyhyhshehg +

2 XA Ap Az g Aslighzhyhishghg + 2 g A3 A3 Ay Ashohsliyhshghy + 2 X A3 A3 A4 Ashghghyhshghg +

233 A3 N g Ashghshyhishghs + 2 Mg Ay Ap A3 AZhghslyhshghy + 2 \gA3 A3 AZholizhyhshgh + 2 Xy A3 A3 AZhghzhyhsiighs +

233 A3 A2hghghyhshghg + 2 Mg Ay Mg Ag AEhghslyhshghs + 2 \gA3 Mg AZhghalyhshghy + 2 Xy A3 A AZhghzhyhshghs +

2 332y ABhghghyhshghs + 2 Mg Ay Mg Ahghshyhshghs + 2 \gA3 Ahghghyhshghg + 2 My A3 A3hghghyhshehg +

2 X3 23nghghyhshghs + Mox Ao X3 g Ashohslighslighs + Mg A3 Ag Mg Ashahshyhshghs + A A3\ g Ashalighyhishghg +

A3 N3 Mg Ashalislighshgly + Mg Aq Ap Az ABhahslghshghy + Mg A3 A3 NBhphzhyhishghs + Xy A3 A3 AZholghyhshghs +

A3 N3 ABiphshyhshghy + Moy A g AEhahshyhshghg + Mg A3 Ay ABliphzhyhishghs + Xy A3 Ay A2hohghyhshghs +

A3 AgAEyhshyhshghy + Moy Mg A3phzhyhishghs + g A3 AEhohshyhshehy + A A3 A3hphghyhshghs +

A3AEyhzhylishghs + 2 \g Ay Mg Az Ag Ashylphhshizhg + 2 XgAE A3 Xy Ashyhahslishzhg + 2 A A3 A3 Mg A5hy hphghshizhg +
233 A3 g Ashyhahslishizhg + 2 Mg Ay Ap A3 A2y hylighslhg + 2 X\g A3 A AZhyhghghshyhg + 2 Xy X3 A3 AZhy Iphshslizhg +

2 A3 X3 Ay ghshshizhg + 2 Mg Ay Mg g Ay halighishyhg + 2 \gA3 Mg A2y hyhghshyhg + 2 Xy X3 Ay A2hy Iyl hsiihg +

2 N3Ny A2y hahghishzhg + 2 Ao Ay Mg Ay alighishizhg + 2 \gA3 Ay halighishzhg + 2 Xy A3 Ay halighishyhg +

2 M3 A2k hghghshyhg + Mg A Ap A3 Ag Ashylphyhslizhy + XgA3 A3 Mg Ashyhphyhslizhg + X A3 A3 Mg A5hyhphyhshyhg +

A3 X3 Mg Ashyhglyhshylg + Mg Ay Mg A3 AEhy holyhshyhg + Mg A3 A3 NEhyhohyhshzhg + Xy X3 A3 AZhy hphyhslizhg +

A3 X3 AEhyhohyhshzhg + Mg Ay Mg AgAEhyhohyhshyhg + Mg A3 Ay NEhyhohyhshizhg + Xy X3 Ay AZhyhphyhshzhg +

A3 Mg AZhyhohyhshh + X xg A Al hphghshizhg + Xg A3 A3y hphghslizhg + X A A3y hhghslizhg + X3 AEhy hphyhishahg +
A0A A2 A3 Ag Asliphahyhishizhg + Xg A3 A3 g Ashohshyhshzhg + A A3 A3 Mg Ashahahyhshylig + A3 A3 2g Ashohsliyhshyhg +
Xo A1 Ao A3 AZholighyhishyhig + Xg A3 X3 AZhahighylishzhg + A A3 X3 NEhohshyhshizhg + A3 X3 AEhhghyhishzhg +

Xg A1 Ao Mg AZhohighyhishylig + Xg A3 XgAZhalighylishzhg + A AEXgNEhohshyhshizhg + A3 XgAEhyhghyhishzhg +

XA A Ahahighyhshizhg + Mo A3AZhohighyhshzlg + X A3 AShohshyhshyhg + X3 M3hahghyhshyhg —

AoA A A3 g Aslighahislighzhiy — Mg A A3 Ag Ashohalighghshy — A A3 X3 Mg Ashglplizhghzhy — A3 X3 Mg Ashglphzhghzhg —
AoA A A3 ABholiphzhglizhg — Mg A3 N3 MBhghahslighshg — Xy A3 A3 AZhghohghghzhg — X3 A AZhglphhglizhs
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— oA A A g AZhghglighghg — Xg A3y ABhghohshglizhy — A A3 Xg AEhghalighghshg — A3 AgAEhghyhghghhg —

oA Mg ARhgholighghylg — XgAEABhghphzhglyhg — A AN hohyhshglizhg — A3 ARhohyhzhglzhg +

AoA A2 A3 g Aslighzhylighzhg + Mg AE A3 Ng Ashohshylghzhg + A A3 X3 Mg Ashohslyhghylg + A3 X3 Ag Ashohshyhghyhg +
AoA A A3 ABholighyhglizhs + AgA3 Mg AZhghshyhghyhg + Ay A3 X3 \Ehghshyhghzhg + X3 A3 A2hghshyhglzh +

oA A Mg ABhglighyhglizhs + NgA3 Mg AZhghahyhghyhg + Ay A3 Xy XEhghshyhghzhg + X3 Ay \2hghghyhghzh +

oA Mg ARhghslighghyhg + Mg A3 NShghghyhglizhs + Ny A3 NEhghshyhghshg + X3 AZhghshyhghyhg +

oA A2 A3 Ay Asliphizhylighzhg + Mg AZ A3 Xy Ashahshylghzhg + A A3 X3 Mg Ashahlyhghylis + A3 X3 Ag Ashahshyhghyhg +
oA A A3 AZhalighyhglizhg + NgA3 A3 AZhahghyhghyhg + Ay A3 X3 AEhohshyhghzhg + X3 A3 A2hahzhyhglyhg +

oA A Mg AZhalighyhglizhg + Ao A3 Mg AZhahghyhghyhg + Ay A3 Xy XEhohshyhghzhg + X3 Ay N2hohghyhglyhg +

oA A ARhahghyhghyhg + Mg A3 NZhghahyhglzhg + Ny A3 NEhahshyhghahg + X3 AEhahghyhghyhg +

AoA A2 A3 Ag Asliphizhshighzh + Mg A3 A3 Xg Ashohshshghshg + A A3 X3 Mg Ashahslishghylg + A3 N3 Ag Ashahshshghyhg +
oA A A3 AZhalizhshglizhg + AgA3 A3 AZhahshshghyhg + Ay A3 X3 XZhohshshghzhg + X3 A3 AZhahzhshglzhg +

oA A A g AZhglizhshglizhg + AgA3 Mg AZhahshshghylg + Ay A3 g X2hohshshghzhg + X3y A2hahzhshglzhg +

oA A ARhohshishghyhg + Mg A3 AZhghahshglzhg + Ny A3 NEhahshshghahg + M3 AZhahshshghyhg +

XA A2 A3 A g Asliphyhslighzhg + Ng A3 A3 g Ashohyhshehzhg + A A3 X3 3g Ashahyhshghylig + A3 X3 7g Ashohyhshghyhg +
oA A A3 AZhglighshglizhg + AgA3 N3 AZhohyhshghylg + A A3 X3 XBhohyhshghzhg + X3 A3 AZhahyhshglzhg +

oA A A g AZhglighshglizhg + AgA3 Mg AZhohyhshghylg + My N3 g XBhohyhshghzhg + X3\ AZhohyhshglzhg +

Xo A1 A Ahohyhishghzhg + Mo A3AZhohghshghalig + X A3 AShohyhshghzhg + X3 M3hahyhshghyhg +

oA A2 A3 g Aslighyhshighzhy + Mg A A3 Ng Ashzhyhshehzhg + A\ A3 A3 Mg Ashshylishghzlig + A3 X3 Mg Ashzhyhshghzhg +
oA A A3 ABhslighshglizhg + AgA3 A3 ABhshyhishghzlg + A A3 X3 ABhghyhshehzhg + X3 A3 A2hahyhshglzhg +

Xo A1 Ap Mg AZhghighshghylig + Xg A3 XgAZhshyhshighshg + A A3 Xy AEhghyhshelizhg + A3 XgAZhshyhshghshg +

XA A A2hghyhishghzhg + Mo A3 AZhshghshghzhg + X M3 AShghyhshghshg + X3 A3hshyhshghshg
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2-SITE PHOSPHORYLATION SYSTEM

50/3\5152

So—|-E ES()—)Sl—l-E E51—>52—|—E

K2 K8
Sy +F L FS, 26 + FEAFS, %58+ F
K11 K5
. number of variables of g = 15

. number of monomials of g4 = 400
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2-SITE PHOSPHORYLATION SYSTEM

50/3\5152

So—|-E ES()—)Sl—l-E E51—>52—|—E

K2 K8
Sy +F == FS, U2 S + F <2 FS; 2% Sy + F
K11 K5
. number of variables of g = 15
. number of monomials of g = 400

. Is g~ 1(R~o) connected?
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2-SITE PHOSPHORYLATION SYSTEM

50/6\51/6\52
\@/ \@/

So—|—E ES()—)Sl—l-E E51—>52—|—E

K2 K8
Sy +F L FS, 26 + FEAFS, %58+ F
K11 K5
. number of variables of g = 15

. number of monomials of g = 400
Is g~ 1(R~o) connected?
Yes, its signed support has a separating hyperplane [Feliu,T.,22]

36



NETWORKS WITH CONNECTED MULTISTATIONARITY REGION

Iz B

=N A

So il S2

A e A e
H “ n l r l ¢ l #o(q) l #o_(q) l t. comp. g t. find sep. hyp. H

HHK 6 6 2 17 2 0.03s 0.01s
2-site 9 12 6 288 112 0.99s 0.28 s
3-site 12 118 | 9 2560 1536 1m24s 44s
4-site 15 | 24 | 12 ?? ?7? | o ??

2siteF; || 10 | 12 | 6 304 48 1.84s 04s

2substr. | 12 | 15 | 8 5088 224 35.68s 10.36 s
ERK 12 118 | 9 15040 3432 4m4s 49 s

[Feliu,T., 23]
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NETWORKS WITH CONNECTED MULTISTATIONARITY REGION

Iz B

=N A
So 5 5
A e A e
H “ n l r l ¢ l #o(q) l #o_(q) l t. comp. g t. find sep. hyp. H
HHK 6 6 2 17 2 0.03s 0.01s
2-site 9 |12 ] 6 288 112 0.99s 0.28s
3-site 12 118 | 9 2560 1536 1m24s 44s
4-site 15 | 24 | 12 ?? ?7? | o ??
2siteF; || 10 | 12 | 6 304 48 1.84s 04s
2substr. | 12 | 15 | 8 5088 224 35.68s 10.36 s
ERK 12 118 | 9 15040 3432 4mids 49s
[Feliu,T., 23]
ES >E<C e :
> ESo 01
P =4 = > ESig E
S00 F V'S S11
‘ : Fsg & 510 <7 a y

=z B < oy« 2 37



NETWORKS WITH CONNECTED MULTISTATIONARITY REGION

Iz B £

A A A
So il S2 53
Y F Y F Y F
H “ n l r l ¢ l #o(q) l #o_(q) l t. comp. g l t. find sep. hyp. H
HHK 6 6 2 17 2 0.03s 0.01s
2-site 9 |12 ] 6 288 112 0.99s 0.28s
3-site 12 | 18 | 9 2560 1536 1m24s 4.4s
4-site 15 | 24 | 12 ?? ?7? | o ??
2 site F; 10 |12 | 6 304 48 1.84s 04s
2substr. | 12 | 15 | 8 5088 224 35.68 s 10.36 s
ERK 12 118 | 9 15040 3432 4m4s 49s
[Feliu,T., 23]
ES, >E<C e :
> F0 01
AE 7y E > ES1p E >
So0 ‘ T F « S11
sy & S0 <€y ¥y

=z B < oy« 2 37



NETWORKS WITH CONNECTED MULTISTATIONARITY REGION

I£ A IZ] * £ * 5] *
So 5 S, S5 Sy
i P - F NS F A\ P
H “ n l r l Y4 l #o(q) l #o_(q) l t. comp. g l t. find sep. hyp. H
HHK 6 6 2 17 2 0.03s 0.01s
2-site 9 |12 | 6 288 112 0.99s 0.28 s
3-site 12 | 18 | 9 2560 1536 1m24s 44s
4-site 15 | 24 | 12 ?? ?? [ ??
2 site F; 10 | 12 | 6 304 48 1.84s 04s
2substr. || 12 | 15| 8 5088 224 35.68 s 10.36 s
ERK 12 | 18 | 9 15040 3432 4m4s 49s
[Feliu,T., 23]
ES >EnE 0 :
> F0 01
Vs g =4 E > ESio E
So0 F V'S S11
‘ : Fsg & 510 <7 a y

=z B < oy« 2 37



NETWORKS WITH CONNECTED MULTISTATIONARITY REGION

Iz B £ B

A A A A
So B Sy S5 A
i F - F NS F A\ F
H “ n l r l ¢ l #o(q) l #o_(q) l t. comp. g l t. find sep. hyp. H
HHK 6 6 2 17 2 0.03s 0.01s
2-site 9 |12 ] 6 288 112 0.99s 0.28s
3-site 12 118 | 9 2560 1536 1m24s 44s
4-site 15| 24 | 12 | 75 54 0.53s does not exist
2siteF; || 10 | 12 | 6 304 48 1.84s 04s
2substr. | 12 | 15 | 8 5088 224 35.68 s 10.36 s
ERK 12 118 | 9 15040 3432 4m4s 49s

[Feliu,T., '23], [T., '24], [Kaihnsa, T., '24+]

> o1 <(; N
So1
P =4 = > ESig E
S00 F V'S
¥ - o)< 10 <(F N
=z B <

S11

Bp<\ 37



A REACTION NETWORK WHOSE MULTISTATIONARITY REGION HAS 2 CONNECTED COMPONENTS

Allosteric reciprocal enzyme regulation

[Reciprocal enzyme regulation as a source of bistability in covalent modification cycles, Straub, Conradi, '13]

S+ KL == SKL =2 Sp+KL S, +P SP % S+P

K2

K+L-2KL P+L—=PL

K8 10

38



A REACTION NETWORK WHOSE MULTISTATIONARITY REGION HAS 2 CONNECTED COMPONENTS

Allosteric reciprocal enzyme regulation

[Reciprocal enzyme regulation as a source of bistability in covalent modification cycles, Straub, Conradi, '13]

S+ KL == SKL =2 Sp+KL S, +P SP % S+P

K2

K+L-2KL P+L—=PL

K8 10

Using the Key Theorem, one can show that {(x,c) | ks = ke} N2 =10
38



A REACTION NETWORK WHOSE MULTISTATIONARITY REGION HAS 2 CONNECTED COMPONENTS

Allosteric reciprocal enzyme regulation

[Reciprocal enzyme regulation as a source of bistability in covalent modification cycles, Straub, Conradi, '13]

S+ KL == SKL =2 Sp+KL S, +P SP % S+P

K2

K+L-2KL P+L—=PL

K8 10

Using the Key Theorem, one can show that {(x,c) | ks = ke} N2 =10
{(k,¢) | ks < K6} NQ =1, {(k,c) 6N =10 38




ALLOSTERIC RECIPROCAL ENZYME REGULATION

39



PLAN FOR TODAY

|. Steady state equations
[I. Decomposing the parameter space
« Discriminants
» Cylindrical Algrebraic Decomposition
* Numerical methods
Ill. Parametrizations
IV. The critical polynomial

« Verifying/Precluding multistationarity
» Connectivity of the multistationarity region

V. Bounds on the number of positive steady states

+ Upper bounds
» Lower bounds

40



PLAN FOR TODAY

|. Steady state equations
[I. Decomposing the parameter space
« Discriminants

» Cylindrical Algrebraic Decomposition
* Numerical methods

Ill. Parametrizations
IV. The critical polynomial
« Verifying/Precluding multistationarity
« Connectivity of the multistationarity region
V. Bounds on the number of positive steady states

+ Upper bounds
» Lower bounds

40



VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3:‘{1 K2 —K3 R4 —R5
5/€1 %) 72/€3 R4 —K5
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3:‘<&1 K2 —K3 R4 —RK5
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3:‘<&1 K2 —K3 R4 —RK5
5/<51 %) 72/€3 KR4 —R5
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3:‘{1 R? —K3 R4 —R5
5/€1 K2 721{3 KR4 —K5
Y

31 -1 1 -1 020 21
N_<51211)’ A_<00221)

—_

NN

= N diag(x)x?,

N =

X
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3:‘<&1 K2 —K3 R4 —R5
5/<51 %) 72/€3 R4 —K5
Y

31 -1 1 -1 020 21
N_<51211)’ A_<00221)

—_

NN

= N diag(x)x?,

N =

X
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

3 _ _
K1 K2 k3 K4 —Ks = N diag(x)x?,
5k1 kp —2K3 K4 —Ks

31 -1 1 -1 020 21
N_<51211)’ A_<00221)

Bézout bound: in C? the system has at most

deg(f1) - deg(fa) = 4 - 4 = 16 solutions

41



VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

X
K R, —K K. —K
! 2 B 3 4 B > y = N diag(x)x?
5/‘;1 a%) 2%3 R4 K5 2.2

BKK bound: the system has at most
MV (Conv(A), Conv(A)) = vol(Conv(A)) = 8 solutions in (C*)2.

42



The BKK bound has been applied to reaction networks in

* [The steady-state degree and mixed volume of a chemical
reaction network, Gross, Hill, '20]

The n-site phosphorylation network has mixed volume

(n+1)(n+4)
a1

43
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* [The steady-state degree and mixed volume of a chemical
reaction network, Gross, Hill, '20]

The n-site phosphorylation network has mixed volume

(n+1)(n+4)
tlntd) 1 > 20 4 1.
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The BKK bound has been applied to reaction networks in

* [The steady-state degree and mixed volume of a chemical
reaction network, Gross, Hill, '20]

The n-site phosphorylation network has mixed volume

(n+1)(n+4)
tlntd) 1 > 20 4 1.

+ [Mixed volume of small reaction networks, Obatake, Shiu, Sofia,
'20]
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The BKK bound has been applied to reaction networks in

* [The steady-state degree and mixed volume of a chemical
reaction network, Gross, Hill, '20]

The n-site phosphorylation network has mixed volume

(n+1)(n+4)
tlntd) 1 > 20 4 1.

+ [Mixed volume of small reaction networks, Obatake, Shiu, Sofia,
'20]

+ [Mixed volumes of networks with binomial steady-states, Coons,
Curiel, Gross, '24]

43



VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

K1 kK2 —Ks3 K4 —Ks
5/€1 a%) —2%3 KR4 —Ks5
For generic x € C?, the system has

4 <8 =MV(Conv(A), Conv(A)) = vol(Conv(A)) solutions in (C*)2.
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VERTICALLY PARAMETRIZED POLYNOMIAL EQUATION SYSTEMS

—_

= N diag(x)x?

< R

N

k1 K2 —K3 K4 —Ks
5/<L1 a%) —2%3 KR4 —Ks5

For generic x € C?, the system has
4 <8 =MV(Conv(A), Conv(A)) = vol(Conv(A)) solutions in (C*)2.

It is given by a tropical intersection number [Helminck, Ren '22],
[Helminck, Henriksson, Ren *24].
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LOWER BOUNDS: POSITIVELY DECORATED SIMPLICES

Let A e 7" N e R withrtkA=rkN=n<r,let
heQ,t':=(tm,... t") and let T, be a subdivision of the columns of
A induced by h.

h=(0,0,0,0,-1) 46



LOWER BOUNDS: POSITIVELY DECORATED SIMPLICES

Let A e 7" N e R withrtkA=rkN=n<r,let
heQ,t':=(tm,... t") and let T, be a subdivision of the columns of
A induced by h.
Theorem [Bihan, Santos, Spaenlehauer, 18]
There exists ¢ € R+ such that for all ¢ € (0, €) the number of positive
real solutions of

N diag(#)x* =0
is at least the number of positively decorated n-simplices in T',.

1

h=(0,0,0,0,-1) 46



POSITIVELY DECORATED SIMPLICES

-1 -1.1 0 O 0 20 21
= A =
N (—2 0 0 -1 1) ’ (O 0 2 2 1)

47



POSITIVELY DECORATED SIMPLICES
-1 -11 0 O 0 20 21
= A:
N (—2 0 0 -1 1)7 (O 0 2 2 1)

1 -1 0
N{l’”}:(—z 0 0)

47



POSITIVELY DECORATED SIMPLICES
-1 =11 0 O 0 20 21
= A:
N (—2 0 0 -1 1)7 (O 0 2 2 1)

-1 -1 0 -1 1 0
N{1,2,5}=<_2 0 O)’ N{1,3,5}=<_2 0 1);

47



POSITIVELY DECORATED SIMPLICES
-1 -1 1 0 0 0 2 0 21
= A=
N (—2 0 0 -1 1)7 (O 0 2 2 1)
-1 -1 0 -1 1 0
= N =
Ni125) <_2 0 O)’ {1,3,5} (_2 0 1);
-1 0 0
N =

47



POSITIVELY DECORATED SIMPLICES

-1 -1 1 0 O 0 20 21
= A =
N (—2 0 0 -1 1) ’ (O 0 2 2 1)

-1 -1 0 -1 1 0
N5y = <_2 0 O) : N 35 = (_2 0 1) ,
-1 0 0 1 0 0
Ngpas = < 0 -1 1) ) Nasy = (0 4 1)
3 4
1 2

47



POSITIVELY DECORATED SIMPLICES
S A
N5y = <_; I)l 8) : N 35 = (_; (1) ) ,
N I R

— number of positive solutions of N diag(#")x* = 0 is at least 1 for t € (0, ¢)

3 4

_ O

47
h = (0,0,0,0,—1)



POSITIVELY DECORATED SIMPLICES

Positively decorated simplices were used to study the parameter
region of multistationarity in
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+ [Lower bounds for positive roots and regions of multistationarity
in chemical reaction networks, Bihan, Dickenstein, Giaroli, '20]
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POSITIVELY DECORATED SIMPLICES

Positively decorated simplices were used to study the parameter
region of multistationarity in

+ [Lower bounds for positive roots and regions of multistationarity
in chemical reaction networks, Bihan, Dickenstein, Giaroli, '20]

* [Parameter regions that give rise to 2|5 | + 1 positive steady
states in the n-site phosphorylation system Dickenstein, Giaroli,
Rischter, Pérez Millan, ’19]

» [Regions of multistationarity in cascades of Goldbeter-Koshland
loops, Bihan, Dickenstein, Giaroli, ’19]

48



POSITIVE TROPICALIZATION

Proposition [Rose, T., 24+

Assume h € Q. Then there is an injective map
{positively decorated n-simplex in Fh} — Trop™ (ker Ny Nimpy)
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POSITIVE TROPICALIZATION

Proposition [Rose, T., 24+

Assume h € Q. Then there is an injective map
{positively decorated n-simplex in Fh} — Trop™ (ker Ny Nimpy)

For t > 0 small enough, the number of positive real solutions of
N diag(#")x* =0

is at least the number of points in Trop™ (ker N Nimp,).

49
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Thank you for your attention!
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